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Abstract

Reinforcement learning (RL) is concerned with how an agent should learn to make
decisions over time while interacting with an environment. A growing body of work
has produced RL algorithms with sample and computational efficiency guarantees.
However, most of this work focuses on tabula rasa learning; i.e. algorithms aim
to learn with little or no prior knowledge about the environment. Such algorithms
exhibit sample complexities that grow at least linearly in the number of states, and
they are of limited practical import since state spaces in most relevant contexts are
enormous. There is a need for algorithms that generalize in order to learn how to make
effective decisions at states beyond the scope of past experience. This dissertation
focuses on the open issue of developing efficient RL algorithms that leverage value
function generalization (VFG).

This dissertation consists of two parts. In the first part, we present sample com-
plexity results for two classes of RL problems — deterministic systems with general
forms of VFG and Markov decision processes (MDPs) with a finite hypothesis class.
The results provide upper bounds that are independent of state and action space car-
dinalities and polynomial in other problem parameters. In the second part, building
on insights from our sample complexity analyses, we propose randomized least-square
value iteration (RLSVI), a RL algorithm for MDPs with VFG via linear hypothesis
classes. The algorithm is based on a new notion of randomized value function ex-
ploration. We compare through computational studies the performance of RLSVI
against least-square value iterations (LSVI) with Boltzmann exploration or epsilon-
greedy exploration, which are widely used in RL with VFG. Results demonstrate that

RLSVI is orders of magnitude more efficient.
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Chapter 1

Introduction

1.1 Reinforcement Learning

Reinforcement learning (RL) is concerned with how an agent (decision-maker) should
learn to make decisions over time while interacting with an environment (see [9], [10],
[43], [44]). In each time period, the agent needs to choose an action (i.e. make a
decision) based on its prior knowledge about the environment and all its past obser-
vations and actions, with the objective of optimizing some form of cumulative reward
received from the environment. In most practical RL problems, the agent’s prior
knowledge about the environment is informationally insufficient to derive an optimal
(or near-optimal) sequence of actions, even if the agent had infinite computational
power. Consequently, the agent must discover such sequence of actions by exploring
different actions as it interacts with the environment. Furthermore, in the most inter-
esting and challenging cases, the agent’s actions may affect not only the immediate
reward, but also the next state of the environment, and, through that, all subsequent
rewards. In other words, the agent’s actions can have delayed consequences.
Exploration and delayed consequences are the two key features of RL, which dis-
tinguish it from other types of learning, such as supervised learning and learning with
stochastic multi-armed bandits (MAB). Supervised learning is an important class of
learning problems, and most current literature in the field of machine learning focuses

on it. Specifically, it addresses the problem of inferring a function from examples (a
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labeled training dataset) provided by a knowledgeable external supervisor. Since the
examples are already available, supervised learning algorithms do not need to explore.
However, supervised learning is usually inadequate for interactive learning problems
in which it is impractical to obtain examples of desired behavior that are both correct
and representative. On the other hand, stochastic MAB is a class of RL problems
with a single state. In a stochastic MAB problem, the agent still needs to explore,
however, since there is a single state, its actions only affect the immediate reward.
That is, the agent’s actions do not have delayed consequences. Since RL addresses
the need for exploration and learning from delayed consequences, in many cases, RL
can address elements of system behavior that are not adequately handled by other

learning approaches, such as supervised learning and learning with stochastic MAB.

In many RL problems, the environment is formulated as a Markov decision process
(MDP), and the agent’s objective is to maximize the expected cumulative reward.
RL problems in this context are highly related to stochastic control and dynamic
programming (DP) (see [8], [9]). The main differences between the classical stochastic
control problem and a RL problem is that the latter does not need complete knowledge
about the MDP (environment), and learns to make good decisions based on past
observations. From the perspective of stochastic control and dynamic programming,
RL can be viewed as data-driven (or sample-based) dynamic programming. It is worth
pointing out that RL algorithms are often used to approximate solutions to large
scale dynamic programs. In such contexts, there is no need for statistical learning
as challenges are purely computational. In particular, dynamic programming and
approzimate dynamic programming (ADP) algorithms (see [9], [10], [36]) are able
to access the underlying system model directly without making inferences through
realized states and rewards. Nevertheless, RL algorithms make up popular solution

techniques.

A typical RL problem is illustrated in Figure 1.1, where the environment is for-
mulated as an MDP. In each time period, the agent chooses an action based on its
prior knowledge, past observations, and current state, and observes the immediate

reward and the state transition.
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Figure 1.1: Hlustration of typical RL problems

Recently, fueled by modern information technology (IT), RL is becoming increas-
ingly important in a wide variety of applications, such as recommendation systems,
smart grid, operations management (see examples below), robotics (see [15]), and fi-
nancial engineering (see [33], [32]). In the remainder of this section, we discuss several

potential applications of RL.

1. Recommendation Systems

There is an extensive class of Web applications that try to recommend products (e.g.
movies, music, news, books), services (e.g. restaurants, financial services), or persons
(e.g. friends on social networks, online dating) to its potential customers. A lot of
literature is dedicated to this field (see [23], [49], [52] and references therein) and

many different problem formulations have been proposed. Specifically,

e Under a supervised learning formulation, a recommendation system seeks to
predict the “rating” or “preference” that user would give to an item based on

a labeled training dataset from a knowledgeable expert.

e Under an MAB formulation, a recommendation system explores to learn to
predict the “rating” or “preference” that user would give to an item. Notice
that under this formulation, the recommendation system does not require a

labeled training dataset from a knowledgeable expert.
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e Under an RL formulation, a recommendation system explores with delayed con-
sequences to learn to predict the “rating” or “preference” that user would give
to an item. Similarly as an MAB formulation, under an RL formulation, the
recommendation system also does not require a labeled training dataset from a
knowledgeable expert. Furthermore, under an RL formulation, a recommenda-
tion system has the potential to learn how to influence customer behavior, since
the recommendation system’s influences on customer behavior can be modeled

as state transitions in the MDP modeling the customer.

Thus, in a recommendation system context, an RL formulation has the potential to
learn how to influence customer behavior, which is not addressed under a supervised
learning formulation or an MAB formulation. Consequently, we might be able to

build better recommendation systems based on RL.

2. Device Management in Smart Home

From the perspective of smart grid, demand response (DR) systems dynamically
adjust electrical demand in response to changing electrical energy prices or other grid
signals (see [11], [13], [6]). Furthermore, DR for residential and small commercial
buildings is estimated to account for as much as 65% of the total energy savings
potential of DR. However, due to the “decision fatigues” of the residential electricity
users, an automated energy management system (EMS) is a necessary prerequisite to
DR in the residential sector (see [34]). As is illustrated in Figure 1.2, an automated
EMS receives requests and evaluations from the user, observes the energy prices,
and reschedules (e.g. delays) user requests in response to dynamic energy prices.
Rescheduling user requests can reduce the energy cost, but might also incur user
dissatisfaction.

Consequently, the main tradeoff in this problem is that an automated EMS needs
to balance the energy cost and the user’s dissatisfaction from rescheduling. Moreover,
in most cases, modeling idiosyncratic users’ behavior is not cost-effective. Thus, in
practice, an automated EMS needs to learn to make good rescheduling decisions while

interacting with the user, and this problem is naturally formulated as an RL problem
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Figure 1.2: Illustration of the automated energy management system
(see [34], [53]).

3. Petroleum Reservoir Production Optimization

Recently, there has been increasing interest in applying advanced optimization tech-
niques to optimize petroleum reservoir production (see [40], [19], [50], [51]). Unlike
the previous two examples, the petroleum reservoir production optimization prob-
lem usually does not involve statistical learning; instead, in most cases, the dynamic
model of the petroleum reservoir is known, and this problem can be formulated as an
optimal control problem. Thus, in principle, an optimal solution of this problem can
be computed via dynamic programming.

However, most petroleum reservoir production problems of practical interest are
large-scale, nonlinear dynamic optimization problems. Thus, except for a few special
cases, if we directly apply DP to such problems, the computational requirements
become prohibitive due to the enormous or even infinite number of states (known as
curse of dimensionality in DP and RL literature). One way to overcome the curse of

dimensionality in DP is to apply ADP, and some recent literature has proposed an
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ADP algorithm for this problem based on linear programming approach in DP (see
[16], [17], [50], [51]).

On the other hand, petroleum reservoir simulation is a well-studied field, and
reservoir simulators are available for most petroleum reservoirs (see [5]). Notice that
by treating a reservoir simulator as the “environment”, one can use RL algorithms to
learn near-optimal controls in a petroleum reservoir production optimization prob-
lem. In some cases, some suitable RL algorithms might achieve better solutions than

existing optimization techniques.

1.2 Efficient Reinforcement Learning and Gener-

alization

Efficient reinforcement learning (RL) is concerned with how to make the best use of
data and computational resources in the course of RL. Specifically, an RL algorithm
is statistically efficient (or sample efficient) if its sample complezity — the maximum
expected number of time steps with poor performance — is low; it is computationally
efficient if its per-step computational complexity is low; and it is efficient if it is both
statistically efficient and computationally efficient.

A growing body of work on efficient RL provides algorithms with guarantees on
sample and computational efficiency [27, 12, 3, 42, 7, 22]. This literature highlights
the point that efficient RL is nontrivial, and an agent needs to plan to learn to achieve
efficient RL. Specifically, an effective exploration scheme is critical to the design of
any efficient RL algorithm. In particular, popular exploration schemes such as e-
greedy, Boltzmann, and knowledge gradient can require learning times that grow
exponentially in the number of states and/or the planning horizon. We will provide
such examples in this dissertation.

The idea of “plan to learn” is illustrated in Figure 1.3. Specifically, assume that
the green nodes correspond to states whose local reward and state transition model
is “well-known” to the agent, while the red nodes correspond to states whose local

reward and state transition model is not “well-known”. Furthermore, suppose that



1.2. EFFICIENT RL AND GENERALIZATION 7

State 1 ()
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Figure 1.3: Hlustration of “plan to learn”

the agent is at state 2 in time period 0. Although the reward and state transition
model at the current state is well-known, however, the available information indicates
that to achieve a significantly improved policy, the agent needs to visit state 4, which
is an “informative state” in this case. Thus, to achieve efficient RL, the agent needs
to plan to reach state 4 as quickly as possible.

The aforementioned literature focuses on tabula rasa learning; that is, algorithms
aim to learn with little or no prior knowledge about transition probabilities and re-
wards. Such algorithms require learning times that grow at least linearly with the
number of states. Despite the valuable insights that have been generated through
their design and analysis, these algorithms are of limited practical import because
state spaces in most contexts of practical interest are enormous (the curse of dimen-
sionality). There is a need for algorithms that generalize from past experience in
order to learn how to make effective decisions in reasonable time.

There has been much work on reinforcement learning algorithms that generalize
(see, e.g., [10, 43, 44, 37] and references therein). Most of these algorithms do not
come with statistical or computational efficiency guarantees, though there are a few
noteworthy exceptions, which we now discuss. A number of results treat policy-based
algorithms (see [24, 4] and references therein), in which the goal is to select high-
performers among a pre-specified collection of policies as learning progresses. Though

interesting results have been produced in this line of work, each entails quite restrictive
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assumptions or does not make strong guarantees. Another body of work focuses
on model-based algorithms. An algorithm is proposed in [26] that fits a factored
model to observed data and makes decisions based on the fitted model. The authors
establish a sample complexity bound that is polynomial in the number of model
parameters rather than the number of states, but the algorithm is computationally
intractable because of the difficulty of solving factored MDPs. A recent paper [29]
proposes a novel algorithm for the case where the true environment is known to
belong to a finite or compact class of models, and shows that its sample complexity
is polynomial in the cardinality of the model class if the model class is finite, or the
e-covering-number if the model class is compact. Though this result is theoretically
interesting, for most model classes of interest, the e-covering-number is enormous
since it typically grows exponentially in the number of free parameters. Another
recent paper [35] establishes a regret bound for an algorithm that applies to problems
with continuous state spaces and Holder-continuous rewards and transition kernels.
Though the results represent an interesting contribution to the literature, a couple
features of the regret bound weaken its practical implications. First, regret grows
linearly with the Holder constant of the transition kernel, which for most contexts
of practical relevance grows exponentially in the number of state variables. Second,
the dependence on time becomes arbitrarily close to linear as the dimension of the
state space grows. Reinforcement learning in linear systems with quadratic cost is
treated in [1]. The method proposed is shown to realize regret that grows with the
square root of time. The result is interesting and the property is desirable, but to
the best of our knowledge, expressions derived for regret in the analysis exhibit an
exponential dependence on the number of state variables, and further, we are not
aware of a computationally efficient way of implementing the proposed method. This
work was extended by [21] to address linear systems with sparse structure. Here, there
are efficiency guarantees that scale gracefully with the number of state variables, but

only under sparsity and other technical assumptions.

The most popular approach to generalization in the applied reinforcement learn-
ing literature involves fitting parameterized value functions. Such approaches relate

closely to supervised learning in that they learn functions from state to value, though
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a difference is that value is influenced by action and observed only through delayed
feedback. One advantage over model learning approaches is that, given a fitted value
function, decisions can be made without solving a potentially intractable control
problem. We see this as a promising direction, though there currently is a lack of
theoretical results that provide attractive bounds on learning time with value func-
tion generalization. A relevant paper along this research line is [30], which studies
the efficient reinforcement learning with value function generalization in the KWIK
framework (see [31]), and reduces the efficient reinforcement learning problem to the
efficient KWIK online regression problem. However, the authors do not show how to
solve the general KWIK online regression problem efficiently, and it is not even clear
whether this is possible. Thus, though the result of [30] is interesting, it does not
provide a provably efficient algorithm.

An important challenge that remains is to develop efficient RL algorithms with
value function generalization (VFG) by coupling exploration and value function gen-
eralization in an effective way. In this dissertation, we aim to make progress in this
direction. Specifically, in this dissertation, we distinguish between the provably ef-
ficient RL algorithms and the practically efficient RL algorithms. We say an RL
algorithm is provably efficient if sample and computational efficiency guarantees that
scale gracefully with the planning horizon and model complexity have been estab-
lished for that algorithm; and we say an RL algorithm is practically efficient if it
is sample and computationally efficient in most practical RL problems. To see the
differences between provably efficient RL algorithms and practically efficient RL al-

gorithms, notice that

e Some provably efficient RL algorithms are designed for specific RL problems,
and hence might be hard to extend to more general RL problems. Specifically,
for some practical RL problems, they are either not applicable, or will suffer

poor performance.

e Some provably efficient RL algorithms are designed to facilitate analysis, and
hence are over-complicated and/or too conservative in exploring. In many prac-

tical RL problems, the performances of such algorithms are not as good as some
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simple RL algorithms, though the latter class of algorithms usually does not
have provable sample efficiency guarantees. Furthermore, some RL algorithms
are provably sample efficient, but computationally intractable. Such RL algo-
rithms should be viewed as constructive proofs of sample complexity guarantees,

rather than practical RL algorithms.

e Some RL algorithms are sample and computationally efficient in most practical
RL problems. However, for such algorithms, it is hard to establish provable
sample efficiency results that scale gracefully with the planning horizon and

model complexity.

1.3 Overview of the Dissertation

The remainder of this dissertation is organized as follows. In Chapter 2, we consider
the problem of RL over episodes of a finite-horizon deterministic system, and pro-
pose a provably sample efficient RL algorithm called optimistic constraint propagation
(OCP). OCP is designed to synthesize efficient exploration and value function gener-
alization. Specifically, we establish that when the true value function Q* lies within
the hypothesis class Q, OCP selects optimal actions over all but at most dimg[Q]
episodes, where dimg denotes the eluder dimension. We establish further efficiency
and asymptotic performance guarantees that apply even if Q* does not lie in Q, for
the special case where Q is the span of pre-specified indicator functions over disjoint
sets.

In Chapter 3, we consider an RL problem in which an agent repeatedly interacts
with a finite-horizon MDP, and has prior knowledge that the true value function Q*
is “close” to a known finite hypothesis class. We reformulate this problem as an MAB
problem, and propose a provably efficient RL algorithm based on an existing MAB
algorithm. The sample complexity of our proposed algorithm is independent of state
and action space cardinalities, and polynomial in other problem parameters.

In Chapter 4, we consider RL problems in which an agent has prior knowledge

that the true value function Q* is “close” to a linear subspace (linear value function
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generalization). We propose an approach to exploration based on randomized value
functions and an algorithm — randomized least-squares value iteration (RLSVI) — that
embodies this approach. We explain why versions of least-squares value iteration
that use Boltzmann or e-greedy exploration can be highly inefficient and present
computational results that demonstrate dramatic efficiency gains enjoyed by RLSVIL.
Our experiments focus on learning over episodes of a finite-horizon MDP and use a
version of RLSVI designed for that task, but we also propose a version of RLSVI that
addresses continual learning in an infinite-horizon discounted MDP.

Finally, we conclude and discuss future work in Chapter 5. Some parts of this
dissertation have been published (see [54] and [48]).



Chapter 2

Efficient Reinforcement Learning

in Episodic Deterministic Systems

2.1 Overview

In this chapter, we restrict our attention to deterministic systems that evolve over
finite time horizons, and we consider episodic learning, in which an agent repeatedly
interacts with the same system. As a solution to the problem, we propose optimistic
constraint propagation (OCP), a computationally efficient reinforcement learning al-
gorithm designed to synthesize efficient exploration and value function generalization.
We establish that when the true value function @Q* lies within the hypothesis class
Q, OCP selects optimal actions over all but at most dimg[Q] episodes. Here, dimg
denotes the eluder dimension, which quantifies complexity of the hypothesis class. A
corollary of this result is that regret is bounded by a function that is constant over
time and linear in the problem horizon and eluder dimension.

To put our aforementioned result in perspective, it is useful to relate it to other
lines of work. Consider first the broad area of reinforcement learning algorithms that
fit value functions, such as SARSA [38]. Even with the most commonly used sort of
hypothesis class Q, which is made up of linear combinations of fixed basis functions,
and even when the hypothesis class contains the true value function QQ*, there are no

guarantees that these algorithms will efficiently learn to make near-optimal decisions.

12
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On the other hand, our result implies that OCP attains near-optimal performance in
time that scales linearly with the number of basis functions. Now consider the more
specialized context of a deterministic linear system with quadratic cost and a finite
time horizon. The analysis of [1] can be leveraged to produce regret bounds that scale
exponentially in the number of state variables. On the other hand, using a hypothesis
space Q consisting of quadratic functions of state-action pairs, the results of this
chapter show that OCP behaves near optimally within time that scales quadratically
in the number of state and action variables.

We also establish efficiency and asymptotic performance guarantees that apply to
agnostic reinforcement learning, where (Q* does not necessarily lie in Q. In particular,
we consider the case where Q is the span of pre-specified indicator functions over
disjoint sets. Our results here add to the literature on agnostic reinforcement learning
with such a hypothesis class [41, 46, 20, 47]. Prior work in this area has produced
interesting algorithms and insights, as well as bounds on performance loss associated
with potential limits of convergence, but no convergence or efficiency guarantees.

As we have discussed in Chapter 1, our algorithm and results also serve as con-
tributions to approximate dynamic programming (ADP). For prior ADP algorithms
that fit a linear combination of basis functions to the value function, even when the
optimal value function is within the span, there are no guarantees that a near-optimal
policy can be computed efficiently. In this chapter, we establish such a guarantee for
OCP.

This chapter proceeds as follows. We briefly review RL in episodic deterministic
systems in Section 2.2 and discuss inefficient exploration schemes in Section 2.3. In
Section 2.4, we propose OCP and discuss several contexts of practical relevance and /or
theoretical interest in which OCP can be applied. The sample efficiency results are
established in Section 2.5 and we briefly discuss the computational complexity of
OCP in Section 2.6.

The notations in this chapter are summarized in Table 2.1.
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Notation | Definition

M A discrete-time finite-horizon deterministic system
S The state space of the deterministic system

A The action space of the deterministic system

H The time horizon of the deterministic system
R Reward function

R Bound on rewards

F System function
S The sequence of initial states of all the episodes
x State
a Action
j Index of episode
t index of period in an episode
1 Policy

% State value function under policy u

% Optimal state value function

Q" Action-contingent optimal value function

Q,Q Real functions of the same domain as Q*

Regret(T) | Regret over episodes experienced prior to time 7'
Q Hypothesis class
C A sequence of constraints on the action-contingent value function
%] Empty set
zZ Set of all state-action-period triples
dimg[Q] | Eluder dimension of the hypothesis class Q

M A class of finite-horizon deterministic systems

Z State-action space at period t
p Distance between @* and hypothesis class Q

Q© optimistic action-contingent value function

Q® pessimistic action-contingent value function

Table 2.1: Notation for Chapter 2
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2.2 Reinforcement Learning in Episodic Determin-

istic Systems

In this chapter, we consider an episodic reinforcement learning (RL) problem in which
an agent repeatedly interacts with a discrete-time finite-horizon deterministic system,
and refer to each interaction as an episode. The system is identified by a sextuple
M = (S§,A H F R,S), where S is the state space, A is the action space, H is
the horizon, F' is a system function, R is a reward function and S is a sequence of
states. If action a € A is selected while the system is in state z € S at period
t=0,1,--- ,H — 1, a reward of Ry(z,a) is realized; furthermore, if t < H — 1, the
state transitions to Fy(x,a). Each episode terminates at period H — 1, and then a

new episode begins. The initial state of episode j is the jth element of S.

To represent the history of actions and observations over multiple episodes, we will
often index variables by both episode and period. For example, z;, and a;; denote the
state and action at period t of episode j, where j =0,1,--- and t=0,1,--- , H — 1.
To count the total number of steps since the agent started learning, we say period ¢

in episode j is time jH +t.

A (deterministic) policy p = (uo, ..., r—1) is a sequence of functions, each map-
ping S to A. For each policy y, define a value function V/*(z) = 7" R.(z,, a,),
where z;, = z, x,41 = F.(z,,a,), and a; = p,(x;). The optimal value function
is defined by V;*(z) = sup, V/(z). A policy p* is said to be optimal if V" = V*.
Throughout this chapter, we will restrict attention to systems M = (S, A, H, F, R, S)
that admit optimal policies. Note that this restriction incurs no loss of generality when

the action space is finite.

It is also useful to define an action-contingent optimal value function:

Ri(z,a) + Vi (Fy(z,a)) ift<H-1

Qil,a) = { Ry_1(x,a) ift=H—-1
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Then, a policy p* is optimal if

w; (z) € argmax @y (x,a) V(z,t).
acA

A reinforcement learning algorithm generates each action a;, based on observa-
tions made up to the tth period of the jth episode, including all states, actions, and
rewards observed in previous episodes and earlier in the current episode, as well as
the state space S, action space A, horizon H, and possible prior information. In
each episode, the algorithm realizes reward RW = figl Ry (z;4,a;:). Note that
R < Vi (zj0) for each jth episode. One way to quantify performance of a re-
inforcement learning algorithm is in terms of the number of episodes J; for which
RY < Vg (zj0) — €, where € > 0 is a pre-specified performance loss threshold. If
the reward function R is bounded, with |R;(z,a)| < R for all (z,a,t), then this also

implies a bound on regret over episodes experienced prior to time 7', defined by

[T/H]-1
Regret(T) = Y (Vi (w0) — RY).

J=0

In particular, Regret(T) < 2RHJ;, + ¢|T/H].

2.3 Inefficient Exploration Schemes

Before proceeding, it is worth pointing out that for the reinforcement learning problem
proposed above, even in the tabula rasa case, a number of popular exploration schemes
give rise to unsatisfactory sample complexities. Boltzmann and e-greedy exploration
schemes (see, e.g., [36]), for example, lead to worst-case regret exponential in H
and/or |S|. Also, the knowledge gradient exploration scheme [37] can converge to
suboptimal policies, and even when the ultimate policy is optimal, the time required
can grow exponentially in H and/or |S|. Thus, even for the tabula rasa case, efficient
exploration schemes are necessary for an algorithm to achieve a regret polynomial in
H and |S|.
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In the remainder of this section, we provide an example that takes tabular Q-
learning with Boltzmann exploration exponentially many episodes to learn an optimal
policy. One can construct such examples for e-greedy exploration similarly. More

examples will be provided in Chapter 4.
Example 1 Consider the deterministic system described in Figure 2.1. Specifically,

t=0 t=1 t=2 t=H-2 t=H-1

Statel @ > >
oo o0
State 2 = >40 o0

Figure 2.1: Deterministic system for which Boltzmann exploration is inefficient

wn Figure 2.1, each node represents a state-time pair, and each arrow corresponds to
a possible deterministic state transition. We further assume that the rewards only
depend on the state-time pair, with Ri(x) = 0 if the node is red and Ri(x) =1 if the
node is green. Obuviously, for this example, the optimal policy is to follow the unique
path to the green node.

Now assume that we apply the Q-learning algorithm with Boltzmann exploration to
this example, with initial Q-values Q¢(x,a) =0, Y(x,a,t). Thus, from the Q-learning
algorithm, Qi(x,a) = 0, V(x,a,t), will hold until the first visit to the green node.
We also note that if Qi(x,a) = 0, ¥(x,a,t), then with Boltzmann exploration, the
Q-learning algorithm will choose actions uniformly randomly at every state-time pair.
Thus, in this case, the probability that the algorithm will visit the green node in one

2H71

episode s 2},%1 Consequently, in expectation, it takes the algorithm episodes to

first visit the green node.

2.4 Optimistic Constraint Propagation

Our reinforcement learning algorithm — optimistic constraint propagation (OCP) —

takes as input the state space S, the action space A, the horizon H, and a hypothesis
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class Q of candidates for @Q*. The algorithm maintains a sequence of subsets of Q
and a sequence of scalar “upper bounds”, which summarize constraints that past
experience suggests for ruling out hypotheses. Each constraint in this sequence is
specified by a state z € S, an action a € A, a periodt =0,..., H—1, and an interval
[L,U] C R, and takes the form {Q € Q : L < Q(z,a) < U}. The upper bound of
the constraint is U. Given a sequence C = (Cy, ..., C) of such constraints and upper
bounds U = (Ui, ..., Ug)), a set Q¢ is defined constructively by Algorithm 1. Note
that if the constraints do not conflict then Q¢ = ONC;N---NCc|. When constraints
do conflict, priority is assigned first based on upper bound, with smaller upper bound
preferred, and then, in the event of ties in upper bound, based on position in the

sequence, with more recent experience preferred.

Algorithm 1 Constraint Selection
Require: Q, C
Qc + Q. u+ minlf
while v < oo do
for 7 =|C| to 1 do
if U, =u and Q¢ NC, # J then
QC — QC N CT
end if
end for
if {' el :v >u} =2 then
return Q.
end if
w < min{u’ €Y : v > u}
end while

OCP, presented below as Algorithm 2, at each time ¢ computes for the current
state =, and each action a the greatest state-action value Q;(x;,, a) among functions
in Q¢ and selects an action that attains the maximum. In other words, an action
is chosen based on the most optimistic feasible outcome subject to constraints. The
subsequent reward and state transition give rise to a new constraint that is used to
update C. Note that the update of C is postponed until one episode is completed.

Note that if Q* € Q then each constraint appended to C does not rule out *, and

therefore, the sequence of sets Q¢ generated as the algorithm progresses is decreasing
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Algorithm 2 Optimistic Constraint Propagation
Require: S, A, H, Q
Initialize C + @
for episode 7 =0,1,--- do
Set C' «+ C
for period t =0,1,--- ,H — 1 do
Apply a;; € argmax,c 4 SUPgeo,. Qi1 a)
if t < H—1 then
Uj <= supgeq, (Ri(jt, aje) + Supgea Quit (%041, a))
Ly < infgeg, (Ri(wj4, aje) + supgeq Qe1 ()41, a))
else
Uj,t — Rt(xj’t, aj,t), Lj,t — Rt(xj,t7 aj,t)
end if
C+C~{QeQ: Ljy <Qxjs,a:) <Ujs}
end for
Update C < C’
end for

and contains Q* in its intersection. In the agnostic case, where QQ* may not lie in Q,
new constraints can be inconsistent with previous constraints, in which case selected
previous constraints are relaxed as determined by Algorithm 1.

Let us briefly discuss several contexts of practical relevance and/or theoretical

interest in which OCP can be applied.

e Finite state/action tabula rasa case. With finite state and action spaces,
@* can be represented as a vector, and without special prior knowledge, it is
natural to let Q = RISIMAIH,

e Polytopic prior constraints. Consider the aforementioned example, but
suppose that we have prior knowledge that @Q* lies in a particular polytope.

Then we can let Q be that polytope and again apply OCP.

e Linear systems with quadratic cost (LQ). In this classical control model,
if S =R", A =R", and R is a positive semidefinite quadratic, then for each
t, Q7 is known to be a positive semidefinite quadratic, and it is natural to let

0= Qéf with Qp denoting the set of positive semidefinite quadratics.
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Finite hypothesis class. Consider a context when we have prior knowledge
that Q* can be well approximated by some element in a finite hypothesis class.
Then we can let Q be that finite hypothesis class and apply OCP. This scenario
is of particular interest from the perspective of learning theory. Note that this

context entails agnostic learning, which is accommodated by OCP.

Linear combination of features. It is often effective to hand-select a set of
features ¢1,..., ¢k, each mapping S x A to R, and, then for each ¢, aiming to
compute weights 0() € R so that >, G,Et)gbk approximates (); without knowing
for sure that ()} lies in the span of the features. To apply OCP here, we would
let Q = Qg] with Qy = span(¢y,...,¢x). Note that this context also entails

agnostic learning.

Sigmoid. If it is known that rewards are only received upon transitioning to the
terminal state and take values between 0 and 1, it might be appropriate to use
a variation of the aforementioned feature based model that applies a sigmoidal

function to the linear combination. In particular, we could have Q = QF with

Qo = {t (3, Oxdi(+)) : 6 € RE}, where 1(z) = €7 /(1 + €7).

Sparse linear combination of features. Another case of potential interest
is where Q* can be encoded by a sparse linear combination of a large number of
features ¢, - - -, dx. In particular, suppose that ® = [¢g, - - - , px] € RISIAXK
and Q = Q¥ with

Q() = {@6 v € §RK, ||@||0 S Ko} s

where ||0]]o is the Lo-“norm” of § and Ky < K.

It is worth mentioning that OCP, as we have defined it, assumes that an action

a maximizing supgeo. Q:(;:, a) exists in each iteration. Note that this assumption

always holds if the action space A is finite, and it is not difficult to modify the

algorithm so that it addresses cases where this is not true. But we have not presented

the more general form of OCP in order to avoid complicating this chapter.
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2.5 Sample Efficiency of Optimistic Constraint Prop-
agation

We now establish results concerning the sample efficiency of OCP. Our results bound
the time it takes OCP to learn, and this must depend on the complexity of the
hypothesis class. As such, we begin by defining the eluder dimension, as introduced

in [39], which is the notion of complexity we will use.

2.5.1 Eluder Dimension

Let Z = {(x,a,t) : z € S,a € At =0,...,H — 1} be the set of all state-action-
period triples, and let @ denote a nonempty set of functions mapping Z to R. For
all (z,a,t) € Z and Z C Z, (z,a,t) is said to be dependent on Z with respect to Q
if any pair of functions @), Q € Q that are equal on Z are equal at (z,a,t). Further,
(z,a,t) is said to be independent of Z with respect to Q if (x, a,t) is not dependent
on Z with respect to Q.

The eluder dimension dimg[Q] of Q is the length of the longest sequence of el-
ements in Z such that every element is independent of its predecessors. Note that
dimg[Q] can be zero or infinity, and it is straightforward to show that if Q; C Q,
then dimg[Q;] < dimg[Q,]. Based on results of [39], we can characterize the eluder

dimensions of various hypothesis classes presented in the previous section.

¢ Finite state/action tabula rasa case. If Q = 3?'8"'“4"[{, then

dimp[Q] = |S[ - |A[ - H.

e Polytopic prior constraints. If Q is a polytope of dimension d in RISIMAIH
then dimg[Q] = d.

e Linear systems with quadratic cost (LQ). If Qy is the set of positive

semidefinite quadratics with domain R™*" and Q = Q¥ | then

dimg[Q] = (m+n+ 1)(m+n)H/2.



22 CHAPTER 2. EFFICIENT RL IN EPISODIC DETERMINISTIC SYSTEMS

e Finite hypothesis space. If |Q| < oo, then dimg[Q] < |Q] — 1.

e Linear combination of features. If Q = Q! with Q; = span(¢y, ..., ¢x),
then dimg[Q] < KH.

e Sigmoid. If Q = Qff with Qy = {¥ (32, 6k¢r()) : 0 € RE}, then

e Sparse linear combination of features. If Q = QSI with
Qo= {20: 0 R, ||6]o < Ko}

and 2K, < min{|S||A|, K}, and any 2K, x 2K, submatrix of @ has full rank,
then dimg[Q] < 2KyH. We will establish this eluder dimension bound in the
appendix.

2.5.2 Coherent Learning

We now present results that apply when OCP is presented with a coherent hypothesis
class; that is, where Q* € Q. Our first result establishes that OCP can deliver less

than optimal performance in no more than dimg[Q] episodes.

Theorem 1 For any system M = (S, A, H, F, R, S), if OCP is applied with Q* € Q,
then

{7+ B9 < Vg (wj0)}| < dimg[Q). (2.1)

This theorem follows from an “exploration-exploitation lemma” (Lemma 2), which
asserts that in each episode, OCP either delivers optimal reward (exploits) or intro-
duces a constraint that reduces the eluder dimension of the hypothesis class by one

(explores). Consequently, OCP will experience sub-optimal performance in at most
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dimg[Q] episodes. We outline the proof of Theorem 1 at the end of this subsection
and the detailed analysis is provided in the appendix. An immediate corollary bounds

regret.

Corollary 1 For any R, any system M = (S, A, H, F, R, S) with

sup |Ry(z,a) < R,

(z,a,t)

and any T, if OCP is applied with Q* € Q, then Regret(T) < 2RHdimg|[Q].

Note the regret bound in Corollary 1 does not depend on time 7', thus, it is an
O (1) bound. Furthermore, this regret bound is linear in R, H and dimg[Q], and does
not directly depend on |S| or |A|. The following result demonstrates that the bounds

of the above theorem and corollary are sharp.

Theorem 2 For any R > 0, any K,H' = 1,2,--- and any reinforcement learning
algorithm [i that takes as input a state space, an action space, a horizon and a coherent
hypothesis class, there exist a system M = (S, A, H, F, R, S) and a hypothesis class Q
satisfying (1) sup ;. q 4 |Bi(w, a)| < R, (2) H=H', (3) dimg[Q] = K and ({) Q* € Q
such that if we apply i to M with input (S, A, H,Q), then |{j : RV < Vi (x;0)}| >
dimg[Q] and supy Regret(T) > 2RHdimg[Q).

A constructive proof of these lower bounds is provided at the end of this subsection.
Following our discussion in previous sections, we discuss several interesting contexts

in which the agent knows a coherent hypothesis class Q with finite eluder dimension.

e Finite state/action tabula rasa case. If we apply OCP in this case, then it
will deliver sub-optimal performance in at most |S|- | A| - H episodes. Further-
)| Re(x,a)| <R, then for any T', Regret(T') < 2R|S||A|H>.

more, if sup, ,

e Polytopic prior constraints. If we apply OCP in this case, then it will deliver

sub-optimal performance in at most d episodes. Furthermore, if
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then for any T, Regret(T) < 2RHd.

e Linear systems with quadratic cost (LQ). If we apply OCP in this case,
then it will deliver sub-optimal performance in at most (m+n—+1)(m+n)H/2

episodes.

e Finite hypothesis class case. Assume that the agent has prior knowledge
that Q* € Q, where Q is a finite hypothesis class. If we apply OCP in this case,
then it will deliver sub-optimal performance in at most |Q| — 1 episodes. Fur-
thermore, if sup, , ) | Re(7, a)| < R, then for any T', Regret(T) < 2RH [|Q] — 1].

e Sparse linear combination case. Assume that the agent has prior knowledge
that Q* € Q, where Q = {®0: 6 € RX ||0]lp < Ko} and 2K, < min{|S|| A, K},
and any 2K, x 2K, submatrix of @ has full rank. If we apply OCP in this case,
then it will deliver sub-optimal performance in at most 2KqH episodes. Fur-

) |Re(x,a)| < R, then for any T', Regret(T') < 4RKoH>.

thermore, if sup, ,,

Sketch of Proof for Theorem 1

We start by defining some useful notations. Specifically, we use C; to denote the C in
episode 7 to distinguish C’s in different episodes, and use z as a shorthand notation
for a state-action-time triple (z, a,t). As we have discussed above, since Q* € Q, thus
each constraint appended to C does not rule out @*, and thus we have Q* € Q¢, for
any j =0,1,---.

For any episode j = 0,1,---, we define Z; and ¢ by Algorithm 3. Note that by
definition, Vj = 0,1, - -,

e Z; is a sequence (ordered set) of elements in Z. Furthermore, each element in

Z; is independent of its predecessors.

e If t; # NULL, then it is the last period in episode j s.t. (4, a;;,1) is indepen-
dent of Z; with respect to Q.

Based on the notions of Z; and ¢}, we have the following technical lemma:
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Algorithm 3 Definition of Z; and ¢}

Initialize Zj < @
for j=0,1,--- do
Set t; <~ NULL
if 3t =0,1,---,H —1s.t. (xj,,aj;,1) is independent of Z; with respect to Q
then
Set

t7 <« last period t in episode j s.t. (z;¢,a;,t) is independent of Z;

with respect to Q

and Z; 1 < [Zj, ($j,t;,aj7t;,tj)]
else
Set Zj+1 — Zj
end if
end for

Lemma 1 Vj =0,1,--- and Vt=0,1,--- , H — 1, we have
(a) Yz € Z; and VQ € Qc,, we have Q(z) = Q*(2).

(b) If (x4, ajy,t) is dependent on Z; with respect to Q, then (1) a;, is optimal and
(2) Quxje, aze) = Qf (wje, az0) = V' (w4), VQ € Q-

Please refer to the appendix for the proof of Lemma 1. Based on Lemma 1, we
have the following exploration/exploitation lemma, which states that in each episode
J, OCP algorithm either achieves the optimal reward (exploits), or updates Qc,,,

based on the Q-value at an independent state-action-time triple (explores).

Lemma 2 For any j =0,1,---, ift; # NULL, then (xﬂ;_, aj,t;,t;) is independent of
Zj, ‘Zj+1’ = |ZJ‘ + 1 and Qt;‘ (l’j’t;, aj,t;) = Q% (;I:'Lt;f, aj,t;) VQ € ch+1 (EXplOI‘&tiOH).
Otherwise, if ¢* = NULL, then RY) = Vi#(z;,) (Exploitation).

Theorem 1 follows from Lemma 2. Please refer to the appendix for the detailed

proofs for Lemma 2 and Theorem 1.
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Constructive Proof for Theorem 2

We start by defining some useful terminologies and notations. First, for any state
space S, any time horizon H = 1,2,---, any action space A, and any hypothesis
class Q, we use M (S, A, H, Q) to denote the set of all finite-horizon deterministic
system M'’s with state space S, action space A, horizon H and Q* € Q. Notice that
for any reinforcement learning algorithm that takes S, A, H, Q as input, and knows
that Q is a coherent hypothesis class, M (S, A, H, Q) is the set of all finite-horizon
deterministic systems that are consistent with the algorithm’s prior information.
We prove a result that is stronger than Theorem 2 by considering a scenario in
which an adversary adaptively chooses a deterministic system M € M (S, A, H, Q).

Specifically, we assume that

e At the beginning of each episode j, the adversary adaptively chooses the initial

state x; .

e At period ¢ in episode j, the agent first chooses an action a;; € A based on some
RL algorithm?®, and then the adversary adaptively chooses a set of state-action-
time triples Z;;, C Z and specifies the rewards and state transitions on Z;,,
subject to the constraints that (1) (x;,a,..t) € Z;; and (2) these adaptively
specified rewards and state transitions must be consistent with the agent’s prior

knowledge and past observations.

We assume that the adversary’s objective is to maximize the number of episodes in

which the agent achieves sub-optimal rewards. Then we have the following lemma:

Lemma 3 VH, K = 1,2,--- and VR > 0, there exist a state space S, an ac-
tion space A and a hypothesis class Q with dimg[Q] = K such that no matter
how the agent adaptively chooses actions, the adversary can adaptively choose an
M € M (S, A, H, Q) with sup, . [Ri(z,a)| < R such that the agent will achieve
sub-optimal rewards in at least K episodes, and supy Regret(T) > 2RHK .

x,a,t

'In general, the RL algorithm can choose actions randomly. If so, all the results in this section
hold on the realized sample path.



2.5. SAMPLE EFFICIENCY OF OCP 27

Since the fact that an adversary can adaptively choose a “bad” deterministic system
simply implies that such system exists, thus, Theorem 2 follows directly from Lemma

3.

Proof for Lemma 3: We provide a constructive proof for Lemma 3. Specifically,
VH,K =1,2,--- and VR > 0, we construct the state space as S = {1,2,--- ,2K},
and the action space as A = {1,2}. Recall that

Z=A(z,a,t): 2€8,t=0,1,--- /H—1, and a € A},

thus, for S and A constructed above, we have |Z| = 4K H. Hence, Q*, the optimal

Q-function, can be represented as a vector in R*H

Before specifying the hypothesis class Q, we first define a matrix @ € RHEI*K

follows. V(z,a,t) € Z, let ®(z,a,t) € RE denote the row of @ corresponding to the

as

state-action-time triple (z, a,t), we construct @(z, a,t) as:

(H—t)e, ifx=2k—1forsomek=1,---,K,a=1,2andt >0
—(H —t)e, ifx=2kforsomek=1---,K,a=1,2andt>0

He,, ifx=2k—1or2kforsomek=1,--- , K,a=1landt=0
—Hey, ifr =2k —1or 2k forsomek=1,--- ,K,a=2andt=0

&(x,a,t) =

(2.2)

where e, € R¥ is a (row) indicator vector with a one at index k and zeros every-
where else. Obviously, rank(®) = K. We choose Q = span [®], thus dimg[Q] =
dim (span [@]) = rank(®) = K.

Now we describe how the adversary adaptively chooses a finite-horizon determin-
istic system M € M (S, A, H, Q):

e For any j = 0,1,---, at the beginning of episode j, the adversary chooses the
initial state in that episode as x;¢ = (j mod K) x 24 1. That is, oo = vk =

Togo=-+=1,210=TKy10= Tak410 = -+ = 3, etc.

e Before interacting with the agent, the adversary chooses the following system
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t=0 t=1 t=2 t=3 t=H-1
State 1 oo 0 —@
State 2 o 0o 0o —0
°
°
State 2K-1 oo 0 —@
State 2K oo 0 —@

Figure 2.2: Deterministic system constructed by the adversary

function F?:

2k—1 ift=0,z=2k—1or 2k forsome k=1,--- ,K,anda=1
Fi(z,a) =< 2k ift=0,x=2k—1or 2k for some k=1,--- K, and a = 2
x ift=1,---,H—2and a=1,2

The state transition is illustrated in Figure 2.2.

e In episode 5 = 0,1,--- , K — 1, the adversary adaptively chooses the reward
function R as follows. If the agent takes action 1 in period 0 in episode j at

initial state x;o = 27 + 1, then the adversary set
Ro(2j +1,1) = Ro(2j +2,1) = Re(2j + 1,1) = Ri(2j +1,2) = —R
and

Ro(2j +1,2) = Ro(2) + 2,2) = Ri(2j + 2,1) = Ri(2j + 2,2) = R,

Vt=1,2,---,H — 1. Otherwise (i.e. if the agent takes action 2 in period 0 in

2More precisely, in this constructive proof, the adversary does not need to adaptively choose the
system function F. He can choose F' beforehand.
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episode j), then the adversary set

Ro(25 +1,1) = Ro(2j +2,1) = Ry(2j +1,1) = R,(2j +1,2) = R
and
Ro(27 +1,2) = Ro(25 +2,2) = Ry(25 +2,1) = R,(2j +2,2) = —R.

Notice that the adversary completes the construction of the deterministic system
M at the end of episode K — 1.

Note that for the constructed deterministic system M, we have Q* € Q. Specif-
ically, it is straight forward to see that Q* = &0*, where 0* € R and 65, the kth
element of 6, is defined as 7 = —R if ag—1,0 = 1 and 8} = R if ax—1,0 = 2, for any
k=1,2,---, K. Thus, the constructed deterministic system M € M (S, A, H, Q).

Finally, we show that the constructed deterministic system M satisfies Lemma
3. Obviously, we have |R;(z,a)| < R, ¥(z,a,t) € Z. Furthermore, note that the
agent achieves sub-optimal rewards in the first K episodes, thus, he will achieve sub-
optimal rewards in at least K episodes. In addition, the cumulative regret in the first
K episodes is 2K HR, thus, supy Regret(T) > 2KHR. q.e.d.

2.5.3 Agnostic Learning

As we have discussed in Section 2.4, OCP can also be applied in agnostic learning
cases, where * may not lie in Q. For such cases, the performance of OCP should
depend on not only the complexity of Q, but also the distance between Q and QQ*. We
now present results when OCP is applied in a special agnostic learning case, where Q
is the span of pre-specified indicator functions over disjoint subsets. We henceforth
refer to this case as the state aggregation case.

Specifically, we assume that for any ¢t = 0,1,--- , H — 1, the state-action space at
period t, Z;, = {(z,a,t): © € S,a € A}, can be partitioned into K; disjoint subsets

21,212, , 2.k, and use ¢y to denote the indicator function for partition Z,
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(i.e. Qrp(z,a,t) = 11if (z,a,t) € 2y, and ¢ p(x,a,t) = 0 otherwise). We define
K= Zigl K, and Q as

Q = Spall {¢0,17 ¢0,27 T ¢0,K07 gbl,l? ) ¢H—1,KH71} . (23)

Note that dimg[Q] = K. We define the distance between Q* and the hypothesis class
Q as

p=min Q- Q7w = min sup [Q(z,a) - Q;(z,a)]. (2.4)

(z,a,t)

The following result establishes that with Q and p defined above, the performance
loss of OCP is larger than 2pH(H + 1) in at most K episodes.

Theorem 3 For any system M = (S, A, H, F, R, S), if OCP is applied with Q de-
fined in Eqn(2.3), then

’{] . R(]) < %*(xj,0> — 2,0H(H + 1)}| < K’

where K is the number of partitions and p is defined in Eqn(2.4).

Similar to Theorem 1, this theorem also follows from an “exploration-exploitation
lemma” (Lemma 6), which asserts that in each episode, OCP either delivers near-
optimal reward (exploits), or approximately determines Q;(x, a)’s for all the (z,a,t)’s
in a disjoint subset (explores). We outline the proof for Theorem 3 at the end of this
subsection, and the detailed analysis is provided in the appendix. An immediate

corollary bounds regret.

Corollary 2 For any R > 0, any system M = (S, A, H, F, R, S) with

and any time T, if OCP is applied with Q defined in Eqn(2.3), then

Regret(T) < 2RKH + 2p(H + 1)T,
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where K is the number of partitions and p is defined in Eqn(2.4).

Note that the regret bound in Corollary 2 is O (T'), and the coefficient of the linear
term is 2p(H + 1). Consequently, if Q* is close to Q, then the regret will increase
slowly with T". Furthermore, the regret bound in Corollary 2 does not directly depend
on |S| or |A].

We further notice that the threshold performance loss in Theorem 3 is O (pH?).
The following proposition provides a condition under which the performance loss in

one episode is O (pH).

Proposition 1 For any episode j, if Qc C {Q € Q: Lj; < Qi) a54) < Ujst,
Vt =0, ,H — 1, then we have Vi (z;0) — RY < 6pH = O (pH).

That is, if all the new constraints in an episode are redundant, then the perfor-
mance loss in that episode is O (pH). Note that if the condition for Proposition 1
holds in an episode, then Q¢ will not be modified at the end of that episode. Further-
more, if the system has a fixed initial state and the condition for Proposition 1 holds
in one episode, then it will hold in all the subsequent episodes, and consequently, the

performance losses in all the subsequent episodes are O (pH).

Sketch of Proof for Theorem 3 and Proposition 1

We start by briefly describing how the constraint selection algorithm (Algorithm
1) updates Q¢’s for the function class Q specified in Eqn(2.3). Specifically, let 6,
denote the coefficient of the indicator function ¢, , for any (¢, k). Assume that (z,a,t)
belongs to partition Z;j, then, with Q specified in Eqn(2.3), L < Q(z,a) < U is a
constraint on and only on 6,4, and is equivalent to L < 6,5, < U. By induction, it is

straightforward to see in episode j, Qc, can be represented as
{0 e R 2 0) < 0,5 < B, (1, k;)} ,

for some Qg,z’s and @EQ’S_ Note that Ql(t],z can be —oo and 9?,3 can be oo, and when 5 = 0,

51(5?,2 = 0o and Qg?k) = —o0. Furthermore, from Algorithm 1, 5?,3 is monotonically non-

increasing in j, for all (¢, k). Specifically, if OCP adds a new constraint L < 6, < U
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on 6, in episode j, we have @i?:l) = min{gs}z, U}; otherwise, gij,: D _ 5% Thus, if
5,5],3 < 00, then gg,;) < o0, Vi > j.

For any (z,a,t) € Z, and any j, we define Q]% (x,a), the optimistic Q-function in
episode j, as

Q9(x,a) = S Qulra), (2.5)

and Q]C:Dt (x,a), the pessimistic Q-function in episode j, as

® .
“(r,a) = inf x,a). 2.6
Qfr.a) = jnf Q. 26)
Clearly, if Z,p, th have Q9 (z,a) = 82, and Q2 (z,a) = 0Y). M
early, if (z,a,t) € Z;x, then we have Q% (z,a) = 0;, and Q5 (v, a) = 8;}.. More-
over, (z,a,t)’s in the same partition have the same optimistic and pessimistic Q-
values.
It is also worth pointing out that by definition of p, if (x,a,t) and (2/,d’,t) are in

the same partition, then we have

Q7 (z,a) — Q;(z',d')| < 2p. (2.7)

To see it, let Q € arg Minge g [|@Q — Q*[|o, then we have 1Qi(z,a) — Qt(z,a)| < p and
1Qi(2',a) — Q(z',a’)| < p. Since Q € Q and (z,a,t) and (z/,d’,t) are in the same
partition, we have Q,(z,a) = Q;(z/,a’). Then from triangular inequality, we have
Q7 (x, a) = Qf (', d)| < 2p.

The following lemma states that if Q%(:ﬂ, a) < oo, then it is “close” to Qf(z,a).

Lemma 4 Y(z,a,t) and Vj =0,1,---, if Qg(w, a) < oo, then

Q9 (2,a) — Qf(x,a)| < 2p(H —t). (2.8)

Please refer to the appendix for the detailed proof of Lemma 4. Based on this lemma,
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we have the following result:

Lemma 5 Vj =0,1,---, ifQ%(xj,t,aj,t) < oo foranyt=0,1,---,H — 1, then we

have
Vi (z0) — RY < 2pH(H + 1) = O (pH?) . (2.9)

Furthermore, if the conditions of Proposition 1 hold, then we have Vi (x;0) — RU) <
6pH = O(pH).

Please refer to the appendix for the detailed proof of Lemma 5. Obviously, Proposition
1 directly follows from Lemma 5.

Forany j = 0,1, -, we define t] as the last period ¢ in episode j s.t. Q% (e, a54) =
oo. If Qg(:r;j,t,aj,t) <ooforallt=0,1,---,H — 1, we define t; = NULL. We then

have the following lemma:

Lemma 6 Vj = 0,1,---, if £ # NULL, then ¥j' < j, Q% (v, a5:) = o0,
and ¥j' > 7, Q]%; (xj7t;,aj,t;) < oo (Exploration). Otherwise, if t; = NULL, then
Vi (zj0)—RY) < 2pH(H+1) (Exploitation). Furthermore, > o 1[t; # NULL] < K,

where K is the number of partitions.

Again, please refer to the appendix for the proof of Lemma 6. Note that Theorem 3

directly follows from Lemma 6.

2.6 Computational Efficiency of Optimistic Con-

straint Propagation

We now briefly discuss the computational complexity of OCP. As typical in the com-
plexity analysis of optimization algorithms, we assume that basic operations include
the arithmetic operations, comparisons, and assignment, and measure computational
complexity in terms of the number of basic operations (henceforth referred to as

operations) per period.
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First, it is worth pointing out that for a general hypothesis class Q and general
action space A, the per period computations of OCP can be intractable. This is

because:

o Computing supgeg, @:(7¢, a), U, and L, requires solving a possibly intractable

optimization problems.
e Selecting an action that maximizes supgeg, Q:(7;+, @) can be intractable.

Further, the number of constraints in C, and with it the number of operations per
period, can grow over time.

However, if |A| is tractably small and Q has some special structures (e.g. Q is
a finite set or a linear subspace or, more generally a polytope), then by discarding
some “redundant” constraints in C, OCP with a variant of Algorithm 1 will be com-
putationally efficient, and the sample efficiency results developed in Section 2.5 will
still hold. In this section, we discuss the scenario where Q is a polytope of dimension
d. Note that the finite state/action tabula rasa case, the linear-quadratic case, and
the case with linear combinations of disjoint indicator functions are all special cases
of this scenario.

Specifically, if Q is a polytope of dimension d (i.e., within a d-dimensional sub-
space), then any Q € Q can be represented by a weight vector § € R¢, and Q can be
characterized by a set of linear inequalities of #. Furthermore, the new constraints
of the form L;; < Qu(z;¢, aj:) < U4 are also linear inequalities of . Hence, in each
episode, Q¢ is characterized by a polyhedron in R¢, and SUPgeo, Qi(Tj4,a), Uj; and
L;; can be computed by solving linear programming (LP) problems. If we assume
that each observed numerical value can be encoded by B bits, and LPs are solved by
Karmarkar’s algorithm [25], then the following proposition bounds the computational

complexity.

Proposition 2 If Q is a polytope of dimension d, each numerical value in the prob-
lem data or observed in the course of learning can be represented with B bits, and
OCP uses Karmarkar’s algorithm to solve linear programs, then the computational

complexity of OCP is O ([|A| + |C|]|C|d*®B) operations per period.
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Proof: Note that OCP needs to perform the following computation in one period:

1. Construct Q¢ by constraint selection algorithm. This requires sorting |C| con-
straints by comparing their upper bounds and positions in the sequence (with
O (|C|log |C]) operations), and checking whether Q¢NC, # @ for |C| times. Note
that checking whether Qc N C, # @ requires solving an LP feasibility problem

with d variables and O (|C|) constraints.

2. Choose action a;;. Note that supgeg, Q¢ ()4, a) can be computed by solving an
LP with d variables and O (|C|) constraints, thus a;, can be derived by solving
|A| such LPs.

3. Compute the new constraint L;; < Qu(xj4,a;:) < Ujs. Note Uj; can be com-
puted by solving |A| LPs with d variables and O (|C|) constraints, and L;, can
be computed by solving one LP with d variables and O (|C| + |A|) constraints.

If we assume that each observed numerical value can be encoded by B bits, and use
Karmarkar’s algorithm to solve LPs, then for an LP with d variables and m con-
straints, the number of bits input to Karmarkar’s algorithm is O (mdB), and hence it
requires O (mBd*®) operations to solve the LP. Thus, the computational complexities
for the first, second, third steps are O (|C|?d*°B), O (|A||C|d*B) and O (|A||C|d*5B),
respectively. Hence, the computational complexity of OCP is O ([|A| + |C|]|C|d*®B)

operations per period. q.e.d.

Notice that the computational complexity is polynomial in d, B, |C| and |A],
and thus, OCP will be computationally efficient if all these parameters are tractably
small. Note that the bound in Proposition 2 is a worst-case bound, and the O(d*?)
term is incurred by the need to solve LPs. For some special cases, the computational
complexity is much less. For instance, in the state aggregation case, the computational
complexity is O (|C| + |A| 4+ d) operations per period.

As we have discussed above, one can ensure that |C| remains bounded by using
variants of Algorithm 1 that discard the redundant constraints and/or update Q¢

more efficiently. Specifically, it is straightforward to design such constraint selection
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algorithms if Q is a coherent hypothesis class, or if Q is the span of pre-specified indi-
cator functions over disjoint sets. Furthermore, if the notion of redundant constraints

is properly defined, the sample efficiency results derived in Section 2.5 will still hold.



Chapter 3

Efficient Reinforcement Learning

with Finite Hypothesis Class

3.1 Overview

In this chapter, we consider an RL problem in which an agent repeatedly interacts
with a finite-horizon MDP, and has prior knowledge that the true value function Q*
is “close” to a known finite hypothesis class Q. We reformulate this RL problem as
an MAB problem, and propose a provably efficient RL algorithm based on an existing
MAB algorithm. The sample complexity of our proposed algorithm is independent
of state and action space cardinalities, and polynomial in other problem parameters.

This chapter is closely related to [29], which considers the case where the true
environment is known to belong to a finite or compact class of models. The major
difference between this chapter and [29] is that we consider value function generaliza-
tion rather than model generalization. Thus, as we have discussed in Chapter 1, in our
proposed algorithm, decisions can be made without solving a potentially intractable
DP. Moreover, in this chapter, we do not require the true value function * lies in the
provided hypothesis class Q; instead, our proposed algorithm addresses the agnostic
learning case when Q* ¢ Q, and Q can be an arbitrary finite hypothesis class. As
we will detail in Section 3.3, the choice of Q affects both the sample complexity and

computational complexity of our proposed algorithm.

37
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The remainder of this chapter proceeds as follows. In Section 3.2, we briefly review
the RL in episodic MDPs, and in Section 3.3, we present the MAB formulation and
our proposed efficient RL algorithm. The notations in this chapter are summarized
in Table 3.1.

Notation | Definition
M Finite-horizon MDP
S State space of the finite-horizon MDP
A Action space of the finite-horizon MDP
H Time horizon of the finite-horizon MDP
P Transition kernel of the finite-horizon MDP
R Reward distributions of the finite-horizon MDP
s Distribution of the initial state
h Index of period in an episode
i, J Index of episode
1 Policy
V# State value function under policy u
V* Optimal state value function
w Optimal policy
Q* Action-contingent optimal value function
R® Realized reward in episode ¢
Regret(j) | Expected cumulative regret over the first j episodes
Q Finite hypothesis class
p Distance between * and Q, in infinity norm
Q Projection of @* on Q, in infinity norm
1o Policy greedy to )

Table 3.1: Notation for Chapter 3

3.2 Reinforcement Learning in Episodic MDP

In this chapter, we consider a reinforcement learning (RL) problem in which an agent
interacts with a discrete-time finite-horizon Markov decision process (MDP) over a
sequence of episodes. The MDP is identified by a sextuple M = (S, A, H, P, R, ),

where S is a state space, A is an action space, H is the horizon length, P encodes
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transition probabilities, R encodes reward distributions, and 7 is a probability dis-
tribution over §. In each episode, the initial state z( is independently sampled from
7. Furthermore, in period h = 0,1,--- , H — 1, if the state is x; and an action a;, is
selected then a subsequent state x4 is sampled from P(-|zy,ap) and a reward 7y, is
sampled from R (:|zy, ap, xpy1). The episode terminates at the end of period H — 1,
after which a new episode begins.

Similar to the deterministic case described in Chapter 2, to represent the history of
actions and observations over multiple episodes, we will often index variables by both
episode and period. For example, x;;,, a;;, and r;;, respectively denote the state, action,
and reward observed during period h in episode i'. As we have mentioned before, the
initial state of episode 7, x;, is independently sampled from 7. The duration over
which the agent has operated up to the beginning of period h of episode i is tH + h.

A policy u = (po, ft1,-*+ , 1) is a sequence of functions, each mapping S to
Th = T, M} )
where z,11 ~ P(-|z;,a;), 7» ~ R(:|zr,ar,2:41), x, = z, and a; = p,(x;). The

A. For each policy p, we define a value function V/'(z) = E [Zf;hl T,

optimal value function is defined by V;*(x) = sup, V}/'(z) for all h = 0,1,--- , H — 1.
A policy p* is said to be optimal if V#° = V*. Throughout this chapter, we will
restrict attention to MDPs with finite state and action spaces. Such MDPs always
admit optimal policies.

It is also useful to define an action-contingent optimal value function:

E [rh + V,:‘H(mhﬂ)}xh =x,a, = a] ifh<H-1

(3.1)
E [rp|zn = 2z, ap = a ifh=H-—1

e |
where zp41 ~ P(:|xp,ap) and ry, ~ R (-|xp, ap, Tpe1). Then, a policy p* is optimal if
and only if

wp(z) € argmax Q; (z, ) Vz, h.
acA

A reinforcement learning algorithm generates each action a;, based on observations
made up to period h of the episode i, including all states, actions, and rewards

observed in previous episodes and earlier in the current episode, as well as the state

'If necessary, we use a comma to separate the episode-subscript and the period-subscript.
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space S, action space A, horizon H, and possible prior information. In each episode,
the algorithm realizes reward R® = hH;[)l r;n. Note that E [R(i)‘l'i[)} < Vi (i) for
all i. One way to quantify the performance of a reinforcement learning algorithm is

in terms of the expected cumulative regret over j episodes, defined by

<.
I
_

Regret(j) = » Egomr [Vi (2i0) — R(i)] : (3.2)

7

I
o

To simplify the exposition, in this chapter, we assume that the rewards are deter-
ministic and do not depend on z;,,1. That is, in each period h =0,1,--- , H—1, if the
state is z;, and action ay, is selected, then a deterministic reward r, = R(xp,a,) € R
is received. Since in this chapter we also restrict attention to MDPs with finite state
and action spaces, this further implies that the rewards are bounded. We use R to

denote an upper bound on the maximum magnitude of the rewards, i.e.

R <R. 3.3
o hax A| (z,a0)] < (3.3)

It is worth pointing out that this assumption can be easily relaxed, and all the analysis
in this chapter can be extended to the cases when there exist sub-Gaussian reward

noises.

3.3 MAB Formulation and Efficient Reinforcement
Learning Algorithm

In this chapter, we consider the scenario in which the agent has prior knowledge that

the action-contingent optimal value function QQ* is “close” to a finite hypothesis class

0= {Q(l), Q... ’Q(K)} _ (3.4)

We use p to denote the distance between hypothesis class Q and Q*, in infinity norm,

p=min|lQ" - Qll Zgnelg(rg%!ww,a) — Qi (z,a)]. (3.5)
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We also use Q to denote an arbitrary function @ € Q that achieves this minimum,

1.e.
Q € argmin [|Q — Q|- (3.6)
QeQ

Recall that in this chapter, we assume that x;q is independently sampled from a fixed
probability distribution 7 over S. As we will discuss below, under this assumption, we
can reformulate the RL problem as a multi-armed bandit (MAB) problem, and derive
provably efficient RL algorithms based on existing provably efficient MAB algorithms
(see, e.g., [28], [2], [39], [14] and references therein).

Specifically, for any function @ : S x A x {0,1,--- ,H — 1} — R, we use g to
denote a policy greedy to @), that is

pon(z) € argerﬁax Qn(z,a), Y(x,h) (3.7)

If there are multiple policies greedy to (), then g can be chosen as an arbitrary policy
satisfying Eqn(3.7). Consequently, the finite hypothesis class defined in Eqn(3.4)
corresponds to K policies jga, -+, o). To simplify the exposition, we use py to
denote poe) in the remainder of this section. Since x;o ~ 7, Vi = 0,1, -+, each policy
e corresponds to a fixed value (expected total reward) E, . [Vy"* (2¢)]. Furthermore,
we define

k* € argmax E, ., [Vi* (x0)],
k=1, K

that is, E, r [Vi*" (20)] is the highest value achieved by the finite hypothesis class
Q.

The following lemma formalizes the result that if Q* is “close” to the hypothesis

class @, then the performance loss of Q, which is defined as
Eyonn [VE)* (xO)] — Egonn [VE)NM (mO)] = Eyyrr [Vo*(xOH - mkaX [ [V()Mk (xo)] )

is also small.
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Lemma 7 With p defined in Eqn(3.5) and Q defined in Eqn(3.6), we have

Epor V" (20)] 2 Bager [V'®(20)] 2 Ergur [V (20)] - 20H.

Please refer to the appendix for the proof of Lemma 7.

From Lemma 7, we see that if p is small, then a near-optimal policy can be
derived by finding the best policy among pq, - - - , ux. Since the initial state xq of the
episodic MDP M is sampled from 7, then if a policy u is applied in episode i, then
R the realized total reward in episode 4, is an unbiased estimate of E, . [V{'(20)]-
Furthermore, R is bounded and —RH < R"Y < RH.

Consequently, we can reformulate the RL problem in this case as an MAB problem
with K “arms”, where the kth arm of the bandit is policy u. Notice that the reward
of the kth arm is bounded by RH in magnitude, with mean E,,, [Vi" (z0)].

Many statistically efficient algorithms have been proposed for such MAB problems
(see [28], [2], [39], [14] and references therein), and each efficient MAB algorithm will
lead to an efficient RL algorithm in this case. In this section, we present one of such
algorithms, which is based on the UCBI1 algorithm proposed in [2].

The RL algorithm is presented in Algorithm 4, where Vj, is the average reward
obtained from policy py (arm k), and I is the number of times policy ux has been
applied so far. This algorithm consists of two phases. In the first phase (from episode
0 to episode K — 1), each policy puy is applied once and we use the observed realized
rewards R(®’s to initialize V;’s. In the second phase (from episode K on), the applied
policy pj, is selected based on the optimism in the face of uncertainty (OFU) principle,

and is greedy to the upper confidence bounds

21og(7)
U

Vi + 2RH

Notice that the upper confidence radius 2RH %f(i) follows from [2], and is based

on Hoeffding’s inequality. It is worth pointing out that there is no need to explicitly
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compute and store yu;’s, instead, when applying s, the algorithm only needs to choose
actions greedy to Q), with a fixed tie-breaking rule. Hence, if both K and |A| are
tractably small, then Algorithm 4 is computationally efficient.

Algorithm 4 UCB Based RL Algorithm
Require: S, A, H, R and finite hypothesis class Q with |Q| = K
for episode : =0,1,--- , K — 1 do
Apply policy p;41 in episode @
Initialize Vi1 < R, and ;1 « 1

end for
for episode i1 = K, K +1,--- do
Choose
- - — 2log(e
k € argmax |V +2RH ol—g(z)
k k
Apply policy pj in episode ¢, and observe R®
Update
- L= - 1 )
Vi « —* V4 _— RO
k l,*c +1F + l,;, +1
l,; — l,; +1
end for

Based on Lemma 7, and following the regret analysis in [2], we can derive the

following regret bound:

Theorem 4 For any episodic MDP M = (S, A, H, P, R, m) with finite S and A and
deterministic rewards, if Algorithm 4 is applied with a finite hypothesis class Q, then
for any 3 > K, we have

Regret(j) < 2pHj +8RH+\/Kjlog(j), (3.8)
where p is defined in Eqn(3.5), R is defined in Eqn(3.3), and K = |Q|.

Roughly speaking, Theorem 4 is proved as follows. First, we can decompose Regret ()
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into two terms

j—1

Regret(f) = (Esgnr [V5 (20)] = Esgnn V3™ (@0)]) 54D _ {Bagen [Vo™ (20)] — E [RO]} .
i=0

From Lemma 7, the first term is bounded by 2pHj; and following the analysis in

2], the second term is bounded by SRH \/KjTg(j) under Algorithm 4. Please refer

to the appendix for the proof of Theorem 4. Since we are primarily interested in

the dependence of this regret bound on j, the number of episodes, we refer to the

first term 2pHj as the “linear term”, and the second term SRH \/KjTg(j) as the

“sublinear term”.

We now briefly discuss this regret bound. First, notice that this regret bound is
independent of |S| and |A|, and linear in other parameters (i.e. j, p, H, R, VK).

Second, note that the coefficient of the linear term is
2pH = 2H min ||Q* — Q| .
pH = 2 win Q" — Q)

Hence, the linear term will be small if Q is close to @*, and will be 0 if @* € Q (the
coherent learning case). Finally, notice that the expected average regret in the first j
episodes is
%Regret(j) < 2pH +8RH %g(])

Thus we have? lim;_, %Regret(j) < 2pH, hence 2pH is a bound on the asymptotic
expected average regret. On the other hand, SRH+/K can be viewed as a measure on
sample complexity, since it determines how large j needs to be to ensure SRH Klogy)
is acceptably small.

In this section, we make the simplifying assumptions that the episodic MDP M
has finite state and action spaces and deterministic rewards. It is worth pointing out
that both assumptions can be relaxed. Specifically, based on existing results in the

field of MAB (see, e.g. [14]), we can derive a provably efficient RL algorithm as long

2Notice that the limit exists, since with probability 1, Algorithm 4 eventually learns to apply
M=
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as the following conditions hold:

1. The expected rewards at all the state-action-state triple (x, a,y)’s are bounded.
That is, there exists R > 0 s.t.

IE[R(:|z,a,9)]| <R VY(z,a,9) €S x AxS.
2. The reward noises
R(’I’7 a, y) —E [R(|I, a, y)]
at all the state-action-state triple (z,a,y)’s are sub-Gaussian.

Notice that these new conditions no longer require the state and action spaces are
finite.



Chapter 4

Randomized Least-Squares Value

Iteration

4.1 Overview

As we have discussed in Chapter 1, an important challenge that remains is to de-
sign statistically and computationally efficient reinforcement learning (RL) algorithms
that simultaneously generalize, explore, and learn from delayed consequences. In this
chapter, we aim to make progress on this front. Similarly with the substantial value-
based RL literature (see literature review in Chapter 1), we focus on an approach that
generalizes through modeling the state-action value function as a linear combination
of pre-selected basis functions. What distinguishes our approach from the pre-existing
value function generalization literature is in how the agent explores. In particular,
we consider incentivizing exploring through randomly perturbing value functions. As
a specific algorithm of this kind, we propose randomized least-squares value iteration
(RLSVI). This algorithm fits value functions using randomly perturbed version of
least-squares value iteration and selects actions that are greedy with respect to these
value functions.

To put RLSVI, our proposed exploration scheme, in perspective, it is also useful to
review existing work on exploration schemes that randomly perturb value functions.

It is worth pointing out that for multi-armed bandit (MAB) problems, which can be

46
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considered as very special cases of RL problems, which are restricted to have a sin-
gle state, Thompson sampling constitutes such an exploration scheme (see [45],[55]).
Recent work [39] has established efficiency guarantees in this context and may serve
as a stepping stone toward the analysis of RLSVI. Another related line of work [18]
proposes Q-value sampling, a Bayesian exploration scheme with randomized value
functions. The idea of Q-value sampling is to first sample state-action values (Q-
values) based on the agent’s posterior beliefs, and then select actions greedy with
respect to the sampled state-action values. This is equivalent to sampling actions
according to the posterior probability that they are optimal. This work does not,
however, offer an approach to generalization. Furthermore, as the authors point out,
certain assumptions (e.g. Assumption 4) in that paper are likely to be violated in
practice. To the best of our knowledge, RLSVI is the first exploration scheme that
randomly perturbs value functions for general RL problems with value function gen-

eralization.

On the other hand, the use of least-squares value iteration, however, is quite
common to the RL literature. For example, it is commonly applied in conjunction
with Boltzmann or e-greedy exploration. We will explain in this chapter why these
forms of exploration can lead to highly inefficient learning. We will also present
computational results that demonstrate dramatic efficiency gains enjoyed by RLSVI

relative to these alternatives.

As we have mentioned before, RL algorithms are often used to approximate solu-
tions to large-scale dynamic programs. Thus, our algorithm and results also serve as
contributions to dynamic programming (DP) and approximate dynamic programming
(ADP).

The remainder of this chapter is organized as follows. We explain in Section 4.2
why Boltzmann and e-greedy exploration can be highly inefficient. Next, in Section
4.3, we motivate and describe RLSVI. Experimental results are presented in Section
4.4. The version of RLSVI presented in Section 4.3, which serves as the subject of
our experiments, is designed for episodic learning in a finite-horizon MDP. In Section
4.5, we present a variation of RLSVI that addresses continual learning in an infinite-
horizon discounted MDP.
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The notations in this chapter are summarized in Table 4.1.

Notation | Definition
M MDP
S State space of the MDP
A Action space of the MDP
H Time horizon of the finite-horizon MDP
vy Discount factor of the infinite-horizon MDP
P Transition kernel of the MDP
R Reward distributions of the MDP
T Distribution of the initial state
h Index of period in an episode
i, ] Index of episode
,u Policy
% State value function under policy pu
% Optimal state value function
W Optimal policy
Q* Action-contingent optimal value function
R® Realized reward in episode ¢
Regret(j) | Expected cumulative regret over the first j episodes
by, D Generalization matrix
K Number of basis functions
0, 0 Coefficient vectors
A Regularization parameter in LSVI and RLSVI
€ Exploration parameter in e-greedy exploration
n Exploration parameter in Boltzmann exploration
o Exploration parameter in randomized value function exploration

Table 4.1: Notation for Chapter 4

4.2 Randomized Actions

We first consider a reinforcement learning (RL) problem in which an agent interacts
with a discrete-time finite-horizon Markov decision process (MDP) over a sequence of
episodes. Please refer to Section 3.2 for the formulation of such RL problems. Notice
that in this chapter, we do not assume that the rewards are deterministic. That is,

in period h = 0,1,--- , H — 1, if the state is x;, and an action a;, is selected, then a
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subsequent state xj,; is sampled from P(-|xp,a;) and a reward r;, is sampled from
R (:|xp, ap, Tpat).

Reinforcement learning algorithms we consider in this chapter will be based on
least-squares value iteration (LSVI). LSVI — as presented below as Algorithm 5!
— can be applied by the agent at the beginning of each episode to estimate the
optimal value function * from data gathered over previous episodes as well as prior
knowledge encoded in terms of generalization matrices and a regularization parameter
A. The algorithm iterates backwards over time periods in the planning horizon, in
each iteration fitting a value function to the sum of immediate rewards and value
estimates of the next period. Each value function is fitted via least-squares: note

that vectors 0, satisfy

0;n € argmin (J|AC —bl* + A[[¢[]?) -
CeRk

Algorithm 5 Least-Squares Value Iteration
Input: &y,..., Py, € %‘SH'MXK, A€ §R++, {(l‘ih, Q5p,, Tz’h) i< j,h=0,...,H — 1}
Output: 9]'0, Ce ,9]‘7[{,1

1: 0jg < 0,9y <0
2: forh=H—-1,...,1,0do
3:  Generate regression matrix and vector
max (P ;
&, (xon, aon) To.n + aeaj(( h4105.0+1) (Topt1, @)
A+ : b+ :
D (Tj—1h,aj-1,n) ri—1n + %1331( (Prs10jh41) (Tj-1,h41, )

4:  BEstimate value function
Ojn < (ATA+X)TATD

5. end for

To fully specify a reinforcement learning algorithm, we must describe how the

!Notice that in Algorithm 5, when j = 0, matrix A and vector b are empty. In this case, we
SiIley set 9j0 = 0]'1 == Hj’H_l =0.
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agent selects actions. Let us consider in this section algorithms that, during each
episode, select actions that are nearly greedy with respect to value estimates, dif-
fering from greedy behavior only due to random perturbations. The form of these
random perturbations is governed by an exploration scheme. We consider two popular
exploration schemes: Boltzmann exploration and e-greedy exploration (see, e.g., [36]).
Reinforcement learning algorithms produced by synthesizing each of these schemes
with LSVI are presented as Algorithms 6 and 7. Note that the “temperature” pa-
rameters 1 in Boltzmann exploration and € in e-greedy exploration control the degree

to which random perturbations distort greedy actions.

Algorithm 6 LSVI with Boltzmann exploration
Input: ®,...,P5_; € RSIAXE N e R . neR,
1: for 7=0,1,--- do
2:  Compute 0,,...,0; g—1 based on Algorithm 5

3 Observe x5

4: for h=0,1,....,H—1do

5: Sample aj, ~ exp [(Prb;n)(zjn, a) /1]
6 Observe rj;, and x; p+1

7. end for

8: end for

Algorithm 7 LSVI with e-greedy exploration
Input: ®,..., Py € RSIMAXE N e R, ec|0,1]
1: for j=0,1,... do
2:  Compute 0jo, . ..,0; g—1 using Algorithm 5

3:  Observe z;j

4. for h=0,1,--- ,H—1do

5: Sample & ~ Bernoulli(e)

6: if £ =1 then

7 Sample a;; ~ unif(.A)

8: else

9: Sample a;; ~ unif (arg max,c 4(P18;n)(zn, )
10: end if

11: Observe rj;, and ;541

12:  end for
13: end for
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Figure 4.1: MDP for which Boltzmann/e-greedy exploration is inefficient.

Unfortunately, both reinforcement learning algorithms we have described exhibit
worst-case regret that grows exponentially in H and/or |S|. More intelligent explo-
ration schemes are necessary to achieve polynomial regret, even in the case of tabula
rasa learning, in which each @, is an identity matrix and, therefore, the agent does not
generalize across state-action pairs. In the remainder of this section, we provide an
example for which LSVI with Boltzmann exploration or e-greedy exploration require
exponentially many episodes to learn an optimal policy, even in a coherent learning

context with a small number of basis functions.

Example 2 Consider the MDP illustrated in Figure 4.1. Fach node represents a
state, and each arrow corresponds to a possible state transition. The state space is
S =4{0,1,--- N — 1} and the action space is A = {a(l),a@)}. If the agent takes
action aV) at state x = 0,1,--- ,N — 2 (the red nodes), the the state transitions
toy = [x — 1]*. On the other hand, if the agent takes action a® at state v =
0,1,--+,N — 2, the state transitions to y = x + 1. State N — 1 (the green node) is
absorbing. We assume a reward of 0 is realized upon any transition from a red node
and a reward of 1 is realized upon any transition from the green node. We take the
horizon H to be equal to the number of states N. The initial state in any episode is
0.

Suppose we apply LSVI with either Boltzmann or e-greedy exploration. Let i* be
the first episode during which state N —1 is visited. It is easy to see that 0;, = 0 for all
h and all v < v*. Furthermore, with either exploration scheme, actions are sampled
uniformly at random over episodes © < i*. Thus, in any episode i < 1*, the green
node will be reached if and only if the algorithm samples a®® consecutively in periods
t =0,1,---,H — 2. The probability of this event is 2-H~1 = 2=(N=1) — 9=(IS|-1),

It follows that E[i*] > 21171, Further, since the optimal expected value over each
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episode 1s 1 and the realized reward over each episode v < i* 1s 0, it follows that

—1
Regret(j) > Pr(i < i*)

.

S
(||
[ )

— (1- 2—(|S\—1>>i+1

Il
=)

Il
—~~ .

2SI=1 _q) (1 ~[1- 2*<|3‘*1>}j> . (4.1)

Further,
lim inf Regret(j) > 25171 — 1.

J—00

This example establishes that regret realized by LSVI with Boltzmann or e-greedy
exploration can grow exponentially in the number of states. This is far from what
one would hope for, which is regret that is independent of the number of states and
instead a low-order polynomial in the number of basis functions. Note that the lower
bound established for this example applies to both coherent and agnostic learning for
any choice of the generalization matrices @, ..., Py_1, any regularization parameter

A > 0, and any temperature parameter > 0 or € € [0, 1].

4.3 Randomized Value Functions

RL algorithms of the previous section explore through randomly perturbing greedy
actions. We now consider an alternative approach to exploration that involves ran-
domly perturbing value functions rather than actions. As a specific scheme of this
kind, we propose randomized least-squares value iteration (RLSVI), which we present
as Algorithm 8.2

To obtain an RL algorithm, we simply select greedy actions in each episode, as

specified in Algorithm 9. Note that RLSVI randomly perturbs value estimates in

directions of significant uncertainty to incentivize exploration. This approach relates

2Similarly as in Algorithm 5, when j = 0, we set éjo = éjl =---=0;g-1=0.
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Algorithm 8 Randomized Least-Squares Value Iteration

Input: @,..., 05 ; € RSMAXE 5 c R X € Ry, {(@in, am,min) 10 < j,h =
0,...,H—1}

Output: éjo, e ,éjﬂ,l

—_

: ng — 0, Sy <0
2: forh=H—-1,...,1,0do
3:  Generate regression matrix and vector

T max ( D,.10; > x «
D (xon, aon) 0,n + aed ( h+1Yj h+1 ( 0,h+15 )
A+ : b«

@h@jfl,ha ajﬂ,h) ri—1n + rilea} (Q5h+19j,h+1> (%—1,h+1, Oé)

4:  BEstimate value function
_ 1 -1
Ojn  (ATA+X*1)TATD in <—2ATA + M)
o

Sample éjh ~ N(On, Zjn)
6: end for

o

to Thompson sampling (see, e.g., [45, 39]). We conjecture that Algorithm 9 is sta-
tistically efficient in the sense that for any j, Regret(j) is bounded by a low-order
polynomial function of K and H. Further, it is easy to see that this RL algorithm is
computationally efficient in the sense that the computational requirements per time

period can be bounded by a low-order polynomial function of K, H, and |.A].

4.4 Experimental Results

In this section, we report results of applying RLSVI to Example 2, with N = |S| =
H = 50. We consider both coherent and agnostic learning contexts. Our results
demonstrate dramatic efficiency gains relative to LSVI with Boltzmann or e-greedy
exploration. The results also illustrate how performance depends on the number of
basis functions, algorithm parameters, and, in the agnostic case, the distance between

the optimal value function and the span of the basis functions.



o4 CHAPTER 4. RANDOMIZED LEAST-SQUARES VALUE ITERATION

Algorithm 9 RLSVI with Greedy Action

Input: &g, ..., Py € REIMNE e R . AeR,,
1: for j=0,1,--- do
2:  Compute 0jo, . ..,0; g—1 using Algorithm 8

3 Observe z;

4: for h=0,---,H—1do

5: Sample ajj, ~ unif (arg Max, ¢ 4 (@héjh) (), a))
6 Observe rj;, and ;541

7 end for

8: end for

To estimate the performance of RLSVI, we average the computation results over
M = 200 independent simulations, each over 7 = 400 episodes. Based on data
produced from these simulations, we compute for each ith episode an estimate of the

episode regret
M

A() Vo' (zio) Z ml)

m:
where R(™ is the reward realized over the ith episode of the mth simulation.

Each of the M independent simulations is of the same MDP. If we also used the

same basis functions and algorithm parameters in each case, the accumulation

j—1

1S s

of our episode regret estimates would be an unbiased and consistent estimator of
Regret(j). However, so that our results do not depend on a specific selection of basis
functions, we will randomly sample a separate set of basis functions for each of the

M simulations, using a sampling scheme that we will describe later.

As discussed in Section 4.2, for the MDP under consideration with any choice of
basis functions and algorithm parameters, LSVI with either Boltzmann exploration
or e-greedy exploration, Regret(400) > 400 — 6.82 x 10713 a2 400. This implies that
the episode regret is approximately 1 for each of the first 400 episodes. This level of

performance offered by the alternative algorithms will serve as baseline as we assess
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performance of RLSVT.

4.4.1 Coherent Learning

In the coherent learning case, @} € span [®;] for each period h. Recall that we use ¢y
to denote the kth basis function, which is the kth column of @;,. Each set of M = 200
simulations that we carry out to obtain estimates of episode regret is conducted in a

manner specified by Algorithm 10

Algorithm 10 Coherent Learning Simulation
Imput: Ke€Z,,,coeR, ., NeR, , jeZiy, M €L,
Output: A(0),...,A(j —1)
form=1,...,M do
for h=0,...,H—1do
for k=1,...,K do
switch (k)
case 1:
Onk < Q,
case 2:
Onk < 1
default:
Sample ¢p, ~ N(0,1)
end switch
end for
end for
Simulate RLSVI over j episodes; observe episode rewards R ... R(mi—1)
end for
for:=0,1,--- ,5—1do
A(i) = Vi (o) — 17 Xy B
end for

We first demonstrate how the experimental results vary with K, the number of
basis functions. Here, we let A = 1, 02 = 1073, j = 400, M = 200, and K =
2,5,10,20. Resulting estimates of episode regret are plotted in Figure 4.2. These
results demonstrate that with up to 20 basis functions RLSVI with A = 1 and 0? =
1073 generally takes less than 250 episodes to learn the optimal policy. This represents

a dramatic efficiency gain relative to LSVI with Boltzmann or e-greedy exploration,
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each of which would take more than 5.63 x 10'* episodes. The results also indicate
that larger values of K call for longer learning times and larger cumulative regret.
This makes sense since larger K implies weaker prior knowledge and therefore a more

to learn.

[N
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Per—episode Regret
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Episode

Figure 4.2: Episode regret estimates for various numbers of basis functions.

Next, we examine how results vary with the algorithm parameters A\ and o2.
Figure 4.3 plots results from simulations with K = 20, A =1, M = 200, 7 = 400, and
o2 =107'2,3.5 x 107*2,107°,107%,1074,1072, 1. These results demonstrate that for
the values of o2 considered from 107° to 10~*, RLSVI generally learns the optimal
policy in around 200 episodes; on the other hand, for values of 10712 3.5 x 1072,
1072 and 1, RLSVI does not learn the optimal policy within 400 episodes. It makes
sense that large values of 02 and small values of 02 lead to a long learning times,
since large values of o2 induce excessive exploration, while small values of o2 lead to

insufficient exploration.
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Figure 4.3: Episode regret estimates for various values of o2.

Figure 4.4 plots results from simulations with K = 20, 02 = 107%, M = 200,
j =400 and A = 2.5 x 1078,107%,1072, 1,102, 10*. These results indicate that for a
wide range of settings for A\, RLSVI generally learns the optimal policy in less than
350 episodes. These results also suggest that large values of A\ and small values of
A result in a long learning time. This makes sense, since large values of A\ lead to
over-regularization, which makes basis function weights very small, restricting explo-
ration. On the other hand, small values of A can give rise to matrices X}, with large

eigenvalues, which leads to excessive exploration.

4.4.2 Agnostic Learning

Our experiments with agnostic learning are conducted in a manner similar to those of
the coherent learning case. The procedure, specified as Algorithm 11, differs only in its
construction of the basis functions for each time period. Specifically, in the agnostic
learning case, we choose ¢p1 = 1 and ¢p, = Q} + ptpy for any k = 2,3, -+ | K, where

Wpi is sampled independently from N(0, ) and p > 0 is a chosen scalar. Note that if
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Figure 4.4: Episode regret estimates for various values of .

p = 0, this case reduces to a coherent learning case. As p grows, the basis functions
are increasingly distorted and the distance between the optimal value function and
the span of the basis functions is likely to grow.

Figure 4.5 plots cumulative regret estimates as a function of p, with K = 11,
A=1,0%=10"3 M = 200, j = 400 and p = 0,0.01,0.02,---,0.1. Also plotted is
an upper bound on cumulative regret, which is also approximately equal to the level
of regret realized by LSVI with Boltzmann or e-greedy exploration. These results
demonstrate that regret grows with p, but that regret realized by RLSVI over the

first 400 episodes remains superior to the alternatives for a range of settings.

4.5 RLSVI in Discounted Infinite-Horizon MDPs

In this section, we propose a version of randomized least-squares value iteration
(RLSVI) for reinforcement learning in infinite-horizon discounted MDPs. A dis-
counted MDP is identified by a sextuple M = (S, A,~, P, R, 7), where S is a state
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Algorithm 11 Agnostic Learning Simulation
Input: K €eZ,,,peR,c0eR,  , ANeER,,, €Ly, MEZL,
Output: A(0),...,A(j —1)
form=1,...,M do
for h=0,...,H—1do
for k=1,..., K do
switch (k)
case 1:
Oni < 1
default:
Sample Yy, ~ N(0, 1)
Ok < Q + pPVnik
end switch
end for
end for
Simulate RLSVI over j episodes; observe episode rewards R™?) ... R(mi—1)
end for
fori=0,1,---,7—1do
A(i) = Vi (i0) — 17 Xy B
end for

space, A is an action space, v € (0,1) is the discount factor, P encodes transition
probabilities, R encodes reward distributions, and 7 is a distribution over S. In each
time ¢t = 0,1, ..., if the state is z; and an action a; is selected then a subsequent state
2441 is sampled from P(-|x;, a;) and a reward r; is sampled from R (+|zy, as, z;11). The
initial state xg is sampled from 7.

A (stationary) policy p is a function mapping S to A. For each policy p, we
define a value function V#(z) = E[> 72 7"r,|zo = z, p), where z.11 ~ P(-|z,,a.),
rr ~R(: |t ar,2741), xo = z, and a, = p(z,). The optimal value function is defined
by V*(x) = sup, V*(r), and a policy p* is said to be optimal if VE = V*. We
restrict attention to MDPs with finite state and action spaces. Such MDPs always

admit optimal policies. An action-contingent optimal value function is defined by
Q" (z,a) =E[r + YV (xe41) |2 = 00 = a], (4.2)

where z;11 ~ P(:|z,a;) and 7 ~ R (-|x¢, ay, x441). Note that a policy p* is optimal if
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Figure 4.5: Estimate of cumulative regret over 400 episodes as a function of p.

and only if

w(x) € argmax Q*(z,a) Ve
acA

Similarly with the episodic case, a reinforcement learning algorithm generates each
action a; based on observations made up to time ¢, including all states, actions, and
rewards observed in previous time steps, as well as the state space S, action space
A, discount factor v, and possible prior information. The realized discounted reward
from time ¢ on is R = 2 47 ~'r.. Note that E [R®|z,] < V*(x;) for all t. We
will quantify the performance of a reinforcement learning algorithm in terms of the

expected cumulative regret over the first T' time periods, defined by

T-1

Regret(T') = ZE [V*(zy) — R(t)} : (4.3)

t=0



4.5. RLSVI IN DISCOUNTED INFINITE-HORIZON MDPS 61

RLSVI for discounted-infinite horizon problems is presented in Algorithm 12. Sim-
ilarly to Algorithm &8, Algorithm 12 randomly perturbs value estimates in directions
of significant uncertainty to incentivize exploration. Note that the random perturba-
tion vectors w1 ~ N (\/1—7’y2wt, v?X;,1) are sampled to ensure autocorrelation and
that marginal covariance matrices of consecutive perturbations differ only slightly. In
each period, a greedy action is selected. Avoiding frequent abrupt changes in the
perturbation vector is important as this allows the agent to execute on multi-period

plans to learn new information.

Algorithm 12 Randomized Least-Squares Value Iteration (Discounted MDP)

Input: 6, € RE w, € RE, ¢ € RISMXE s e R NeR, ., ve 0,1), {(xr,ar,r;) :
T S t}, l't_hl
Output: 6,4, € RE, w, . € RE

1: Generate regression matrix and vector

P(x9, ao) To + max <¢9t> (21,0)
A+ : b <+ :
(24, ar) re + max (@ét> (411, @)
ac

2: Estimate value function

— 1 —1
Ori1 — (ATA+A02T) AT Sy (_2 ATA 4 [)
g

3: Sample wy 1 ~ N(\/1 — 2w, v Y1)
4: Set 9t+1 = 0t+1 + Wi41
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Algorithm 13 RLSVI with Greedy Action (Discounted MDP)
Input: &,..., 05, € REMAXE ¢ R .. XN € R, v €
(0,1)
1: Set éo = 0 and observe x
: fort=20,1,--- do
Sample a; ~ unif <arg MaX, ¢ 4 <<Pét) (4, a))
Observe r; and ;41

Compute 6, using Algorithm 12
end for




Chapter 5
Conclusion and Future Work

Finally, we conclude this dissertation and discuss some possible future work. As we
have discussed in Chapter 1, fueled by modern IT, reinforcement learning (RL) is
becoming increasingly important in a wide variety of applications. However, efficient
RL is nontrivial and requires a carefully designed exploration scheme. One open
issue in this field is to develop efficient RL algorithms that leverage value function
generalization. In this dissertation, we aim to make progress in this direction.

Our contribution is twofold. First, we have developed provably efficient algorithms

for

1. RL in episodic deterministic systems (Chapter 2). Our proposed algorithm, op-
timistic constraint propagation (OCP), is efficient in both the coherent learning
cases with general value function generalization, and the state aggregation case,

a special agnostic learning case.

2. RL in episodic MDPs with a finite hypothesis class (Chapter 3). We reformulate
this RL problem as an MAB problem, and derive an efficient RL algorithm for

this case based on an existing MAB algorithm.

Second, we have proposed randomized least-square value iteration (RLSVI), a prac-
tical algorithm in RL with linear hypothesis class (Chapter 4). To the best of our
knowledge, RLSVI is the first exploration scheme that randomly perturbs value func-

tions for general RL problems with value function generalization, and experiment

63
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results suggest that it is promising.

In the future, we plan to analyze RLSVI and test it extensively. We conjecture
that it is provably statistically efficient, and hope to prove this in the future. We also
plan to test it on practical RL problems, including recommendation systems (under
an RL formulation), device management in smart home, and petroleum reservoir
production optimization discussed in Chapter 1. We also plan to propose a version

of RLSVI for the average reward RL problem.



Appendix A

Proofs

A.1 Eluder Dimension for the Sparse Linear Case

We start by defining some useful terminologies and notations. For any § € R, any
| < K and any index set Z = {iy,d9, -~ ,4} € {1,2,--- , K} with i3 < ip < --- <7
and |Z| = [ < K, we use 07 to denote the subvector of 6 associated with the index
set T, 1.e. 07 = [0;,,0,, - ,0;]".

For a sequence of vectors 81, §(?)

- € RE we say ) is linearly [-independent
(k)

of its predecessors if there exists an index set Z with |Z| = [ s.t. 6 is linearly
independent of 8(11)70(12)7 e ,Qék_l). Let N = |S||A|, and use @7 to denote the jth

row of @. For any | < K, we define rank[®, (], the [-rank of &, as the length d of
the longest sequence of @;’s such that every element is linearly l-independent of its
predecessors. Recall that Qy = {®60: § € RX,[|0]lo < Ko}, we have the following

result:

Proposition 3 If 2K, < K, then dimg[Qy| = rank[®, 2K)].

Proof: We use y = (z,a) to denote a state-action pair, and use ®(y)” to denote the
row of matrix @ associated with y. Based on our definitions of eluder dimension and

[-rank, it is sufficient to prove the following lemma:

Lemma 8 For any state-action pair y and for any set of state-action pairs Y =

65
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{y(l),y(Q), e ,y(”)}, y 1is independent of Y with respect to Qq if and only if ®(y) is
linearly 2Ko-independent of {®(yV), d(y?),---,d(y™)}.

We now prove the above lemma. Note that based on the definition of independence

(see Subsection 2.5.1), y is independent of Y with respect to Qy if and only if there

exist Qh QQ € QO s.t. Ql(y(l)> = QQ(y(l)>7 Vi = 17 27 R and Ql(y> 7£ Q2(y) Based
on the definition of function space Qy, there exist two Ky-sparse vectors (1), ) ¢ K

st. Q1 = @0 and Q, = PP, Thus, y is independent of Y with respect to Qy if

and only if there exist two Kj-sparse vectors 81, 92 € RK s t.

HyNHTEW —9%) = 0 Vi=1,2,---,n
o(y)" (0 —6®) # 0 (A1)

Based on the definition of Kj-sparsity, the above condition is equivalent to there

exists a 2K-sparse vector € RX s.t.

dyNHTe = 0 Vi=1,2,---,n
5()70 # 0 (A2)
To see it, note that if 01, ) are Ky-sparse, then § = 81 — 93 is 2K -sparse. On

the other hand, if 6 is 2/ -sparse, then there exist two Ky-sparse vectors 81, ) s t.
g =00 — 92

Since 6 is 2Ky-sparse, there exists a set of indices Z s.t. |Z| = 2K, and 6; = 0,

Vi ¢ Z. Thus, the above condition is equivalent to

yNFor = 0 Vi=1,2,-- ,n
b(y)70r # 0, (A.3)

which is further equivalent to @(y)z is linearly independent of

¢(y(1))z, gs(y@))L . ,@(y("))z.
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Since |Z| = 2Ky, from the definition of linear I-dependence, this is equivalent to ®(y)
is linearly 2K(-independent of @(y™M), &(y?),---  &(y™). q.e.d.

We now show that if @ satisfies a weak technical condition, then rank([®,[] = .
Specifically, for any | < min{N, K}, we say & is [-full-rank if any submatrix of ¢ with

size [ x [ has full rank. Based on this notion, we have the following result:

Proposition 4 For any ! < min{N, K}, if @ is I-full-rank, then we have rank|®, ] =

l.
Proof: Consider any sequence of matrix rows 1), @@ ... @0+ with length [ + 1,
and any index set Z with |Z| = [. Since @ is [-full-rank, thus @(21)7 @(12), e ,QP(IZ) c Rl

are linearly independent (hence forms a basis in ). Thus, @gﬂ) is linearly dependent

on @g), 45(12), - ,@(Il) € R!. Since this result holds for any Z with |Z| = [, thus #(+1) is
linearly I-dependent on &M, @@ ... &1 ¢ REX Furthermore, since this result holds
for any sequence of matrix rows with length [ 4 1, thus we have rank[®,[] <.

On the other hand, since @ is [-full-rank, choose any sequence of matrix rows
&M @ ... O with length [ and any index set Z with |Z| = I, &, ¢ ... ol
are linearly independent. Thus, @M @@ ... &0 is a sequence of matrix rows s.t.
every element is linearly [-independent of its predecessors. Thus, rank[®,l] > [. So

we have rank[®,[] = [. q.e.d.

Thus, if 2Ky < min{N, K} and @ is 2K-full-rank, then we have dimg[Qy] =
rank [@, 2K, = 2K,. Consequently, we have dimg[Q] = dimg[Q¥] = 2K H.

A.2 Proof for Theorem 1

A.2.1 Proof for Lemma 1

Proof for Lemma 1: We prove this lemma by induction on j. First, notice that if
j =0, then from Algorithm 3, we have Z; = @. Thus, Lemma 1(a) holds for j = 0.
Second, we prove that if Lemma 1(a) holds for episode j, then Lemma 1(b) holds
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for episode j and Lemma 1(a) holds for episode j 4 1. To see why Lemma 1(b) holds
for episode j, notice that we have Q* € Qc, € Q. Furthermore, from the induction
hypothesis, Vz € Z; and VQ € Qc¢;, we have Q(z) = Q*(z). Since (v, a;,,1) is
dependent on Z; with respect to Q, then VQ € Q¢; C Q, we have that Q(z;,,a;;) =
Q;(xjt,ajt). Hence we have SUPQeq., Qi(xje, ajt) = Qf (x4, ajy), furthermore, from
the OCP algorithm, we have SUPQeq, Qu(zje, a5) > SUPgeq., Qi(zjt,a), Ya € A,

thus we have

Qi (zj1,a50) = sup Qu(j4,a54) > sup Quwjs,a) > Qf(wj,a), Vae A, (A4)
QeQc; QeQc;
where the last inequality follows from the fact that @* € Qc¢;. Thus, a;; is optimal
and Q; (x4, a;4) = V;*(x;,). Thus, Lemma 1(b) holds for episode j.

We now prove Lemma 1(a) holds for episode j + 1. We prove the conclusion by
considering two different scenarios. If t; = NULL, then Z;,; = Z; and Q¢,,, C
Qc,. Thus, obviously, Lemma 1(a) holds for episode j + 1. On the other hand, if
tt # NULL, we have Q¢, , C Q¢;, and Z;,, = [Zj, (@, aje:,15) | Based on the
induction hypothesis, Vz € Z; and VQ € Qc,,, € Qc,, we have Q(z) = Q*(z). Thus,

it is sufficient to prove that
Qt;‘- (Ijﬂf;? aji;) = Q:; (xjﬂf;v aj,t;?); V@ € QC]‘+1' (AS)

We prove Eqn(A.5) by considering two different cases. First, if t7 = H — 1, it is

sufficient to prove that

QH—I(xj,H—laaj,H—l) = RH—1($j,H—1,aj,H—1) vQ € ch+1a (A-G)

which holds by definition of Q¢ ,, (see Algorithm 2, and recall that no constraints
are conflicting if @* € Q). On the other hand, if t; < H — 1, it is sufficient to prove
that for any Q € Qc,,,, Qu: (Tj4r, ajr) = Res (g, ajes) + V;;H(xj,t;ﬂ). Recall that
Algorithm 2 adds a constraint Ljﬁt; < Qt; (J;j,t;,ajﬁt;) < Uj,t; to Qc,,, (and again,

recall that no constraints are conflicting if Q* € Q). Based on the definitions of Lj,t;f
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and UN;, it is sufficient to prove that

t:+1(xj,t;+1)_ sup SUPQt*+1($;t*+17 ): inf Suth*ﬂ(%t*H, ) (A‘7)
J QEQC acA QEQC] acA

We first prove that V;’;H(xﬂﬁl) = 8UPQeg,, SWPaea Qt;ﬂ(xj,t;fﬂ, a). Specifically, we
have that

sup SUPQt*H(% t*+1>a) = Sup Ssup Qt*+1($g t*+17a)
Qch acA aeAQch
= Ssup Qt*+1(%,t*+1>a] t*+1)
QeQc;
= ‘/;;f+1(xj,t;+l)> (A.8)

where the second equality follows from the fact that

Ajr+1 € argmax sup Qt*+1(%,t*+1>a)
acA QGQC

and the last equality follows from the definition of ¢ and Part (b) of the lemma for
episode j (which we have just proved above, and holds by the induction hypothesis).
Specifically, since ¢} is the last period in episode j s.t. (z;¢,a;4,t) is independent of
Z; with respect to Q. Thus, (.’,E‘jﬂj;f_i_l, jex41, 5 + 1) is dependent on Z; with respect
to Q. From Lemma 1(b) for episode j, we have Vt}i_ﬂ(xj’t%l) = Qtﬁl(q:j’tzfﬂ, a/j’t;f+1>
for any @ € Qc,. Thus,

sup Qt*+1($]t*+17agt*+1) ‘/t:Jrl(xj,t;—&—l): inf Qt;+1($j,t;+1,aj,t;+1)-
Q€Qc, J Qec;

On the other hand, we have that

inf su (;)* XTj4* a > su inf (Q* XTip* a

QEQC aEE ! 1( ]t b ) - a€p4Q Q t 1( ]t b )
> lIlf (Q* €T 4* Qg p*
el t+1( ]tJrl; ]t+1)

= Vt;+1(xj,tj+1)a (A.9)
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where the first inequality follows from the max-min inequality, the second inequality
follows from the fact that Ajprp1 € A, and we have just proved the last equality above.

Hence we have

VEH(%‘,t;H) = sup SUPQt;H(%’,t;H,a)
7 QGch acA

> inf sup Qp41(xjeq1,0
QGQCJ aeA 3 Js j ) )

> W§+1(Q3j,t;+1)- (A.10)

Thus, Eqn(A.7) holds. Hence, Lemma 1(a) holds for episode j + 1, and by induction,

we have proved Lemma 1. q.e.d.

A.2.2 Proof for Lemma 2

Proof for Lemma 2: Note that from Algorithm 3, if ¢; = NULL, then for all
t=0,1,--- ,H — 1, (x4,a;¢t) is dependent on Z; with respect to Q. Thus, from

Lemma 1(b), a;, is optimal for all t =0,1,--- , H — 1. Hence we have

H-1
RU) — Z Rt(xj,taaj}t) = ‘/E)*({L'jp).
t=0

On the other hand, ¢; # NULL, then from Algorithm 3, (xﬁ;s,aj,t;,t;f) is inde-
pendent of Z; and |Z;41| = |Z;| + 1. Note (zj4:, ajs:,17) € Zj41, hence from Lemma
1(a), VQ € Qc,.,, we have Qt;(:vj,t;, aj,t;) = Q;‘;(a:j7t;, aﬂ;). q.e.d.

A.2.3 Proof for Theorem 1

Proof for Theorem 1: Notice that Vj = 0,1,---, RY < Vj(z;0) by definition.
Thus, from Lemma 2, RY) < V(x;0) implies that t: # NULL. Hence, for any
j=0,1,---, we have 1 [RY) < Vj(z;0)] <1 [t;“ # NULL] . Furthermore, notice that
from the definition of Z;, we have 1 [t; # NULL] = |Z;14] — | Z;|, where | - | denotes
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the length of the given sequence. Thus for any J = 0,1, -, we have
J J
> 1[RY < Vi(z0)] < > 1[t; #NULL]
§=0 §=0

:Z Zinl =125l

= |ZJ+1| — |20l = |24, (A.11)

<

where the last equality follows from the fact that |Z3| = |@| = 0. Notice that by
definition (see Algorithm 3), Vj = 0,1,---, Z; is a sequence of elements in Z such
that every element is independent of its predecessors with respect to Q. Hence, from
the definition of eluder dimension, we have | Z;| < dimg[Q], Vj =0, 1,---. Combining
this result with Eqn(A.11), we have

J
D 1[RY < Vi (2)0)] < [2s4] < dimg[Q] VJ =0,1,---

J=0

Finally, notice that Z}]:o 1[V; < Vi (xj0)] is a non-decreasing function of J, and is
bounded above by dimg[Q]. Thus,

J

lim Y "1 [RY) < Vj(z;0)] = Y 1 [RY < Vi (;0)]
7=0

J—o0 £
Jj=0

exists, and satisfies Y 77 1 [RY) < Vi (2;0)] < dimg[Q]. Hence we have

[{j: RY < Vg (z0)}| < dimg[Q].
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A.3 Proof for Theorem 3 and Proposition 1

A.3.1 Proof for Lemma 4

Proof for Lemma 4: We prove Lemma 4 by induction on j. Note that when 5 = 0,

V(z,a,t), Q% (,a) = 0o. Thus, Lemma 4 trivially holds for j = 0.

We now prove that if Lemma 4 holds for episode j, then it also holds for episode
j+ 1, for any 7 = 0,1,---. To prove this result, it is sufficient to show that for
any (x,a,t) whose associated optimistic Q-value has been updated in episode j (i.e.
Qj©t (x,a) # qu(x, a)), if the new optimistic Q-value qu(x, a) is still finite, then
we have

QR (x,a) = Qi (w,a)| < 20(H 1),

Note that if Qj%(x, a) # Q%Lt(x, a), then (z,a,t) must be in the same partition
Zi 1 as (x4, a4, t). Noting that

®
sup sup Qt+1(l“j,t+1, b) = sup Qj,t+1($j,t+1, b);
QEch be A be A

from the discussion in Subsection 2.5.3, we have

© —(j+1) Ry-1(xjm_1,0;1-1) ift=H—1
QjJrl,t('r?a) = et,k = { ’ !

Ry(14,05¢) + 5Py 4 Q941 (wj041,0) if t < H =1
(A.12)

We now prove \qu(m‘,a) — Qf(z,a)] < 2p(H — t) by considering two different

scenarios. First, if t = H — 1, then

Q}%M(I, a) =Ry 1(vjm1,a5m-1) = Qy_1(Tjm-1,a11)

From our discussion in Section 2.5, we have |Q;(z,a) — Qi (zju—1,a;0-1)] < 2p,
which implies that |Q;(x,a) — Q%Lt(x, a)] < 2p=2p(H —t). On the other hand, if
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t < H—1, then
Q%l,t(xv a) = Ry(zjt, a;4) + iu}i Q%qu(xj’t-ﬂ-l? b).
€

If Q%Lt(m,a) < 00, then Qgﬂ(asjﬁl,b) < oo, Vb € A. Furthermore, from the
induction hypothesis, Q%+l(:€j7t+1, b) < 00, Vb € A, implies that Vb € A,

Q1 (23041,6) = Qla(@ja01,b)| < 20(H — £ = 1),

On the other hand, from the Bellman equation at (x;,, a;,t), we have that Q; (x;, a;,) =

Ri(@j, aj1) + suppea Qi (25441, 0). Thus,

© )
Qir14(z,a) = QF ()4, a5)

®
sup Qj,t+1(xj,t+17 b) — sup @t (xj,t+1= b) ‘
be A be A

< sup QL (wy01.D) = Qi (@001,
S
< 2p(H —t—1). (A.13)

Moreover, since (z,a,t) and (z;¢, a;,t) are in the same partition, we have

|Q;€k(x7 (l) - Qr(xjﬂfa aj,t>| < 2p7

consequently, we have qu(x,a) — Qf(z,a)| < 2p(H —t). Thus, Lemma 4 holds

for episode j + 1. By induction, we have proved Lemma 4. q.e.d.

A.3.2 Proof for Lemma 5

Proof for Lemma 5: Notice that from Algorithm 2, for all t =0,1,--- | H — 1, we

have
Q9 (x;4,a50) > Q9(j4,a) Vae A
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Thus, if Qg (zj4,aj,) < oo for any ¢, then Qg (xj1,a) < 00, V(a,t). Consequently,

from Lemma 4, we have that
Qi (wy0,0) = Q3 (ws0,0)| < 2p(H — 1) V(at).
Thus, for any t, we have

Qi (wjs, aj) +2p(H — )

v

Q% (@56, aje)
Q5 (w4, 0)
Qi (xj,a) —2p(H —t), Vae A,  (A.14)

Y]

v

which implies that

Qf (w4, aj0) = sup Qi (zje,a) —4p(H —t) = Vi*(x4) — 4p(H — 1) VL.
ac

We first prove that Vj(z;0) — RY < 2pH(H +1). Note that combining the above

inequality with Bellman equation, we have that
Ry(xjp,a56) 2 Vi (250) = Vi (@001) —4p(H — 1) Vi< H -1

and Ry_1(xjp_1,0;n-1) > Vi_i(z;n_1) — 4p. Summing up these inequalities, we
have Vy (z;0) — RY) < 2pH(H + 1).

Second, we prove that V7 (z;0) — RY < 6pH if the conditions of Proposition 1
hold. Note that the conditions of Proposition 1 imply that

Ujs > Qg(%’,t, aji) > Qg(%',t, aji) > L, Vt.

Note that by deﬁnition, Uj,H—l = Lj,H—l = RH—I(xj,H—l, aj,H_l), and for t < H — 1,

we have Usy = Ri(wj1, a50) + Qe (%001, j041), and

Lji > Ri(wjs, ae) + Sup Qgﬂ(%‘,m, a) > Ri(wjs, a;t) + Qgﬂ(%,m, Wjt11),
ac
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where the first inequality follows from the definition of L;; and max-min inequality,
and the second inequality follows from the fact that a;;+1 € A. Combining the above

inequalities, we have

T

Ry(x;4, a;¢) = RY

(]

Q;%(%‘,o; ajo) >
t

> Q

© o

(50, a50) > Q%(%,Oa j0)- (A.15)

o

Thus we have Qj%(a:jp, ajo) = Qj(%(xj,o, a;j0) = RY) < co. So from Lemma 4,
|R(j) — Q4(wj0,a50)| = ‘Q%(xj,o, ajo) — Qo(zj0,a50)| < 2pH.
Thus, RY > Qp(x0,a0) — 2pH. Furthermore, from the above analysis,
Qo(@j0. aj0) = Vi (z50) — 4pH.

Thus we have RY) > V*(z,0) — 6pH. q.e.d.

A.3.3 Proof for Lemma 6

Proof for Lemma 6: Vj = 0,1,---, if ¢ = NULL, then by definition of ¢; and
Lemma 5, we have

Vi (z0) — RY < 2pH(H + 1).

On the other hand, if ¢; # NULL, then by definition of ¢}, Q©

j’t;(xﬂ;, ajyt]*,) = 00. We
now show that QJ%; (@2, ajer) < oo for all j' > j, and Q%t; (@2, ajer) = oo for all
<.

Assume that (xj’t;, @jprs t7) belongs to partition Zy- 1., thus Q]%; (xjﬁt;_, aj’t;) = 52/2,
V4'. Based on our discussion above, gg;g is monotonically non-increasing in j'. Thus,
Q?t; (xj,t;,aj,t;) is monotonically non-increasing in j’, and hence for any j' < j, we
have Q%t;_ (242, aj4r) = co. Furthermore, to prove that Q]@,t; (@, ajes) < oo for all

j' > j, it is sufficient to prove that le,t; (@jez, ajer) < 0.
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From Algorithm 2, the OCP algorithm will add a new constraint
Ljse < Qe (@i, ajuz) < Uy
We first prove that Ujﬁt; < 0o. To see it, notice that if ¢; = H — 1, then
Ujpr = Ujn—1 = Ry_1(zjpm—1,0;1-1) < 00.
On the other hand, if t7 < H — 1, then by definition

©)
Uje: = Re: (€565 0565) + Qe 11 (T 11, Gz 1)

PROOFS

From the definition of ¢}, Qg;ﬂ(a:j’t]*,ﬂ, aj,t;ﬂ) < 00, thus Ujs: < co. Consequently,

®) 5(5+1) . ()
Qj+1,t;. (@, ajar) = Ht}k = mm{Gt;,k, Ujay} < Ujy < 0.

Thus, Q?t; (%‘,tp%‘,t;) < oo forall j/ > j.

Thus, if we consider Q]@t*_ (gl:'jﬂg;f7 aj,t;) = 5? ,)€ as a function of j’, then this function
b ] ]7

transits from infinity to finite values in episode j. In summary, 7 # NULL implies

that gii,)c transits from infinity to finite values in episode j. Since other gijk)’s might
]7 )

also transit from oo to finite values in episode j, thus 1[15;-‘ # NULL] is less than or

equal to the number of gijk)’s transiting from oo to finite values in episode j. Note

that from the monotonicity of 5;7,6), for each partition, this transition can occur at

most once, and there are K partitions in total. Hence we have

i 1[t: # NULL] < K.

Jj=0
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A.4 Proofs for Lemma 7 and Theorem 4

A.4.1 Proof for Lemma 7

Proof for Lemma 7: Since Q € Q, then by definition of k*, we have
Eogr [V (@0)) 2 Eapur | Vo (20)|
Thus, it is sufficient to prove that
Eagr | Vo (20)] 2 Bagur [V (a0)] - 20H.
In this lemma, we prove a stronger result by showing that

Vi) > Vi(x) —2p(H—h) VeeS Yh=H-1H—2,---,0. (A.16)

We prove Eqn(A.16) by backward induction. First, for h = H —1 and any z € S,

we have that

Vali@) 2 R (v pg.p ()
= Q. (%MQ,HA@))

—
¢}
~

> QH 1 (x Ko - 1 ) - p

(G-

> Qu-1 (w14 (2)) —p

(e)

> Qy_y (zqu 1 ) 2p = Vi_ () = 2p, (A.17)

where p* is an optimal policy, equality (a) and (b) follow from the assumption that
there is no reward noise, inequality (c) and (e) follow from the definition of p (recall
that p = |Q* — Q||s), and inequality (d) follows from the fact that pg is greedy to
Q.

Now assume that Eqn(A.16) holds for period h + 1, then we prove that it also
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holds for period h. Notice that for any x € S, we have

—
o
N

Vi) 2 R (@) + Byerieug ) Vi )]

V=

R(2, p15,4,(2)) + Eyp(fo,ng @) Vi ()] — 20(H — h = 1)
= Qnx, po () —2p(H —h) +2p

— —
=7 o

> Qn(w, np(x)) = 20(H = h) +p

S Qule (@) — 20(H — h) + p

f

S Qi () — 20(H — B) = Vy (2) — 20(H — h), (A.18)

where equality (a) follows from the Bellman equation under policy f15, inequality (b)
follows from the induction hypothesis, equality (c) follows form the definition of Q*,
inequality (d) and (f) follow from the definition of p (i.e. p = [|Q* — Q||s), and
inequality (e) follows from the fact that g is greedy to Q.

Hence, we have proved Eqn(A.16). q.e.d.

A.4.2 Proof for Theorem 4

Before proceeding, we first define some useful notations. To distinguish ;’s and Vj’s
in different episodes, we use [;; and ‘7ka to denote [, and Vk at the beginning of
episode i, for any k = 1,2,--- , K and any ¢ > K. To simplify the notations, we use
c¢i; as a shorthand notation for the confidence radius and define it as
— 2log(i

¢y = 2RH %(l) Vi> K, Vl=1,2,---. (A.19)

We also define
Ar = Eppmr Vo (20)] = Eagror [V5™ (%0)]

which quantifies the “performance loss” of policy i with respect to figs«.

For any sub-optimal policy up with Ay > 0, the following lemma bounds the
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expected number of times it is applied in the first j episodes.

Lemma 9 For any k s.t. Ay >0, and any j > K, we have

j-1 Yoz
321 RH)? 2
E Z 1 {policy py is applied in episode i} | < Og(i)]%( ) +1+ %
i=0

Proof: Our proof follows the analysis in [2]. Notice that for any positive integer Ly,

we have

j—1
Z 1 {policy py is applied in episode i}
i=0
j—1
= 1+ Z 1 {policy py is applied in episode i, lx; < Lg}
i=K

—
o
N

7j—1

Z 1 {policy py is applied in episode i, lx; > Ly}
i=K

+

INE

7j—1
1+ Ly + Z 1 {V;cl;” + iy Z Vi s + Cile s Ui > Lk’} ,
=K

where equality (a) follows from the fact that policy puy is applied once in the first K
episodes, and can be decomposed into two cases in the subsequent episodes; inequality
(b) follows from the fact that

j—1

Z 1 {policy py is applied in episode i, lg; < L} < Ly,
i=K

(see the definition of l;;), and Vi, , + ciy; = Vir gy, + Ciyy . 15 a necessary (but not

sufficient) condition of choosing s, in episode i. Furthermore, I ; > L implies that
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i> K + L !, hence we have

-1
Z 1 {policy py is applied in episode i}
=0 .
< 1+ L+ Z 1 {Vklm +Cigyy > f/klk + Citgs iy Ui > Lk}
i=K+Ly
© j—1 i+1-K it1-K ) i
< 1+ Lk + Z Z Z 1 {V;c,sk + Ci,sy, > Vk‘*,s + Ci,s} ) (AQO)

Z:K-‘rLk s=1 Sk:Lk-‘rl

where inequality (c) is the key inequality in the proof of this lemma. Specifically,
at the beginning of episode 7, we have 1 < [j«; < i— (K —1) =i+ 1— K, and

conditioning on l;; > Ly, we also have L +1 <[, <741 — K. Hence we have

1 {Vk,zk,i + ity Z Vi s + Cile s Ui > Lk}

i+1-K i+1-K

S Z Z 1 {Vk’,sk + Ci,sy, 2 ‘N/k*,s + Ci,s} .

s=1 Sk:Lk-‘rl

Notice that the bound (A.20) is independent of the random variables [;;’s. When

Vies, + Cis. > Vie.s + Cis, at least one of the following three events must happen:
L Vis, = Eopeor [VE™ (20)] + €
2. ‘N/k*,s < Epgmr (V5™ (@0)] — cis:
3. Egpor V0™ (20)] < Eagor V5™ (20)] + 2¢is,
Notice that if none of the above three events happens, then we have
Views = Cis > Eagor [VE™ (20)] = Eagger [VE™ (20)] + 215, > Vs, + Cissys

which contradicts mG + Cis > Vk*ﬁ + Ci s

1To see it, notice that I ; > Lj implies that policy px has been applied at least Ly + 1 times
in episode 0,1,--- .72 — 1, i.e. pg has been applied at least Ly times in episode K, K +1,--- ;i — 1.
This requires (i — 1) — K+ 1=i— K > Ly, iei> K+ Ly.
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Using Hoeftding’s inequality, for any ¢, s; and s, we have

2.2
P Vi 2 Bager (Vi (20)] + 1] < exp (—M)zexpwuog@)):r“
= S sp(2RH)?

P |:~ < [ Nk*( )] :| < ( 2320?,5 ) ( 41 ()) .4
*5 = To~TT i C’L s ex i e———— = eX — 0 7 =7
Virs < B [V (20)] — cis| < exp NEYTIIE p g(i)) =

When we choose

(A.21)

then for any s > L + 1 and any ¢ < j — 1, the third event cannot happen. To see
it, notice that log(j) > 0 (since j > K > 1), and hence for any s; > Lj + 1 and any
K+ Ly <i<j—1, we have log(i) > 0 % and

. — 2log(1
Eygmn [Vouk (xO)] - {Efco~ﬂ [Vouk (5’30)] + 2Ci75k} = Ay =24, = A —4RH Si( )
> A, —4RH 2log(i)
rt1
lou(i
> A 1= eeld )
log(3)

where the first inequality follows from s, > L, + 1 and the last inequality follows
from log(i) < log(j). Therefore, by choosing Ly as given in Eqn(A.21), we have

E {]— [‘Z@,sk + Ci,sk Z ‘Zc*,s + Ci,si| }
2
R

< P (Vi 2 W (00) i) B Voo < W (00) =] < 2

for any sy > Ly + 1 and any ¢ < j — 1, where the first inequality follows from the

2To see why log(i) > 0, notice that Ap < 2RH and j > 2, hence we have L, > 5, thus
1> K+ Lg > 6.
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union bound. Combining these results with Eqn(A.20), we have

j—1
E Z 1 {policy py is applied in episode 2}]
i=0

3210g( j=1 i+1-K i+1-K
< | o } DED DD I

= K+Lk s=1 Sp= Lk+1

) 32log(j)

)(RH)?
< N H*ZZZ#

i=1 s=1 sp=1

321 RH)? .2 32log(j)(RH)? 2
_ og(A)]%( )+1+Z-__ og(j)(RH) T

where the inequality (e) follows from the fact K = |Q| > 1. q.e.d.

To simplify the exposition, we define

j—1
Zir=E Z 1 {policy py is applied in episode i} | . (A.22)
i=0

Thus, Lemma 9 provides a gap-dependent bound on Z;;. We now prove Theorem 4.

Proof for Theorem 4: Notice that the expected cumulative regret with respect to

Vi (x0) in the first j episodes is

-1

E [V (20) — R

.

I
Mt
—

Il
- o

[
M)~

K
Eppr V3™ (20)] — ZEWNW [V (x0)] P {ux is applied in episode z}}

k=1

S e
|

P {1, is applied in episode i} Ay

I
o
i

1
Jj—1

Ay Z P { i is applied in episode i} | , (A.23)
i=0

M=

B
Il

1
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which is 25:1 ArZj i, based on the definition of Z; ;. From Lemma 9, for any k s.t.
A >0 and any j > K, we have

1 N\ (D 2 2
MNZip < 82log()(RH)" (1 /T 4 |
Ay 3

(A.24)
If we multiply both sides by A,Z;, then we have
(Aij,k)2 < 32 10g(]>(EH)QZ],k + (1 + —) Aizj,k
@) N\ 2 i B 7\ 2
< 3Rlog(j)(RH)*Zj,+ [ 1+ (2RH)"Zj
B2 ~ 4 5

= (RH) [32 log(j) + (4 + 3™ )} Zik

®

< 64(RH)*log(j)Z;u,
where the inequality (a) follows from the fact that

Ay = IE950'\*71' [Vo“k* (iIZ‘O)] - Emowﬂ [Vouk (350)] < QEH;

the inequality (b) follows from the fact that j > K > 1, and from algebra, for j > 2,
32log(j) > 32log(2) > (4 + 372). Hence we have

ApZik < 8RH\[10g(j) Z; (A.25)

for any k s.t. Ax > 0 and any 7 > K. Obviously, the above inequality trivially holds
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when A; = 0, thus we have

j-1 = -
SRV () - RO = S Mz < 3 SRHV os(j) V7
i=0 k=t o

8RH\/108(7) Y v/ Zjk

—~
¢}
~

8RH+\/log(j) K
= 8RH+/log(j)jK, (A.26)

IN

—
=

where inequality (c) follows from Cauchy-Schwarz inequality, and equality (d) follows
from the fact that

K j-1 K j—1
Z Zir=E Z 1 {policy py is applied in episode i} | = E Z 1] =3
k=1 i=0 k=1 i=0
Finally, we have that
Regret(7)
j—1
= E [Vo*(x()) _ R(i)}
i=0
j—1
= {Eagrr [V (20)] = Egmr [V ()]} 5 + D E [V () — R
i=0
<2pHj+8RH+\/Kjlog(j), (A.27)

where the last inequality follows from Lemma 7 and the above result. q.e.d.
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