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Abstract

Reinforcement learning (RL) is concerned with how an agent should learn to make

decisions over time while interacting with an environment. A growing body of work

has produced RL algorithms with sample and computational efficiency guarantees.

However, most of this work focuses on tabula rasa learning; i.e. algorithms aim

to learn with little or no prior knowledge about the environment. Such algorithms

exhibit sample complexities that grow at least linearly in the number of states, and

they are of limited practical import since state spaces in most relevant contexts are

enormous. There is a need for algorithms that generalize in order to learn how to make

effective decisions at states beyond the scope of past experience. This dissertation

focuses on the open issue of developing efficient RL algorithms that leverage value

function generalization (VFG).

This dissertation consists of two parts. In the first part, we present sample com-

plexity results for two classes of RL problems – deterministic systems with general

forms of VFG and Markov decision processes (MDPs) with a finite hypothesis class.

The results provide upper bounds that are independent of state and action space car-

dinalities and polynomial in other problem parameters. In the second part, building

on insights from our sample complexity analyses, we propose randomized least-square

value iteration (RLSVI), a RL algorithm for MDPs with VFG via linear hypothesis

classes. The algorithm is based on a new notion of randomized value function ex-

ploration. We compare through computational studies the performance of RLSVI

against least-square value iterations (LSVI) with Boltzmann exploration or epsilon-

greedy exploration, which are widely used in RL with VFG. Results demonstrate that

RLSVI is orders of magnitude more efficient.
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Chapter 1

Introduction

1.1 Reinforcement Learning

Reinforcement learning (RL) is concerned with how an agent (decision-maker) should

learn to make decisions over time while interacting with an environment (see [9], [10],

[43], [44]). In each time period, the agent needs to choose an action (i.e. make a

decision) based on its prior knowledge about the environment and all its past obser-

vations and actions, with the objective of optimizing some form of cumulative reward

received from the environment. In most practical RL problems, the agent’s prior

knowledge about the environment is informationally insufficient to derive an optimal

(or near-optimal) sequence of actions, even if the agent had infinite computational

power. Consequently, the agent must discover such sequence of actions by exploring

different actions as it interacts with the environment. Furthermore, in the most inter-

esting and challenging cases, the agent’s actions may affect not only the immediate

reward, but also the next state of the environment, and, through that, all subsequent

rewards. In other words, the agent’s actions can have delayed consequences.

Exploration and delayed consequences are the two key features of RL, which dis-

tinguish it from other types of learning, such as supervised learning and learning with

stochastic multi-armed bandits (MAB). Supervised learning is an important class of

learning problems, and most current literature in the field of machine learning focuses

on it. Specifically, it addresses the problem of inferring a function from examples (a

1



2 CHAPTER 1. INTRODUCTION

labeled training dataset) provided by a knowledgeable external supervisor. Since the

examples are already available, supervised learning algorithms do not need to explore.

However, supervised learning is usually inadequate for interactive learning problems

in which it is impractical to obtain examples of desired behavior that are both correct

and representative. On the other hand, stochastic MAB is a class of RL problems

with a single state. In a stochastic MAB problem, the agent still needs to explore,

however, since there is a single state, its actions only affect the immediate reward.

That is, the agent’s actions do not have delayed consequences. Since RL addresses

the need for exploration and learning from delayed consequences, in many cases, RL

can address elements of system behavior that are not adequately handled by other

learning approaches, such as supervised learning and learning with stochastic MAB.

In many RL problems, the environment is formulated as a Markov decision process

(MDP), and the agent’s objective is to maximize the expected cumulative reward.

RL problems in this context are highly related to stochastic control and dynamic

programming (DP) (see [8], [9]). The main differences between the classical stochastic

control problem and a RL problem is that the latter does not need complete knowledge

about the MDP (environment), and learns to make good decisions based on past

observations. From the perspective of stochastic control and dynamic programming,

RL can be viewed as data-driven (or sample-based) dynamic programming. It is worth

pointing out that RL algorithms are often used to approximate solutions to large

scale dynamic programs. In such contexts, there is no need for statistical learning

as challenges are purely computational. In particular, dynamic programming and

approximate dynamic programming (ADP) algorithms (see [9], [10], [36]) are able

to access the underlying system model directly without making inferences through

realized states and rewards. Nevertheless, RL algorithms make up popular solution

techniques.

A typical RL problem is illustrated in Figure 1.1, where the environment is for-

mulated as an MDP. In each time period, the agent chooses an action based on its

prior knowledge, past observations, and current state, and observes the immediate

reward and the state transition.
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Environment	
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  State	
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Figure 1.1: Illustration of typical RL problems

Recently, fueled by modern information technology (IT), RL is becoming increas-

ingly important in a wide variety of applications, such as recommendation systems,

smart grid, operations management (see examples below), robotics (see [15]), and fi-

nancial engineering (see [33], [32]). In the remainder of this section, we discuss several

potential applications of RL.

1. Recommendation Systems

There is an extensive class of Web applications that try to recommend products (e.g.

movies, music, news, books), services (e.g. restaurants, financial services), or persons

(e.g. friends on social networks, online dating) to its potential customers. A lot of

literature is dedicated to this field (see [23], [49], [52] and references therein) and

many different problem formulations have been proposed. Specifically,

• Under a supervised learning formulation, a recommendation system seeks to

predict the “rating” or “preference” that user would give to an item based on

a labeled training dataset from a knowledgeable expert.

• Under an MAB formulation, a recommendation system explores to learn to

predict the “rating” or “preference” that user would give to an item. Notice

that under this formulation, the recommendation system does not require a

labeled training dataset from a knowledgeable expert.
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• Under an RL formulation, a recommendation system explores with delayed con-

sequences to learn to predict the “rating” or “preference” that user would give

to an item. Similarly as an MAB formulation, under an RL formulation, the

recommendation system also does not require a labeled training dataset from a

knowledgeable expert. Furthermore, under an RL formulation, a recommenda-

tion system has the potential to learn how to influence customer behavior, since

the recommendation system’s influences on customer behavior can be modeled

as state transitions in the MDP modeling the customer.

Thus, in a recommendation system context, an RL formulation has the potential to

learn how to influence customer behavior, which is not addressed under a supervised

learning formulation or an MAB formulation. Consequently, we might be able to

build better recommendation systems based on RL.

2. Device Management in Smart Home

From the perspective of smart grid, demand response (DR) systems dynamically

adjust electrical demand in response to changing electrical energy prices or other grid

signals (see [11], [13], [6]). Furthermore, DR for residential and small commercial

buildings is estimated to account for as much as 65% of the total energy savings

potential of DR. However, due to the “decision fatigues” of the residential electricity

users, an automated energy management system (EMS) is a necessary prerequisite to

DR in the residential sector (see [34]). As is illustrated in Figure 1.2, an automated

EMS receives requests and evaluations from the user, observes the energy prices,

and reschedules (e.g. delays) user requests in response to dynamic energy prices.

Rescheduling user requests can reduce the energy cost, but might also incur user

dissatisfaction.

Consequently, the main tradeoff in this problem is that an automated EMS needs

to balance the energy cost and the user’s dissatisfaction from rescheduling. Moreover,

in most cases, modeling idiosyncratic users’ behavior is not cost-effective. Thus, in

practice, an automated EMS needs to learn to make good rescheduling decisions while

interacting with the user, and this problem is naturally formulated as an RL problem
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Figure 1.2: Illustration of the automated energy management system

(see [34], [53]).

3. Petroleum Reservoir Production Optimization

Recently, there has been increasing interest in applying advanced optimization tech-

niques to optimize petroleum reservoir production (see [40], [19], [50], [51]). Unlike

the previous two examples, the petroleum reservoir production optimization prob-

lem usually does not involve statistical learning; instead, in most cases, the dynamic

model of the petroleum reservoir is known, and this problem can be formulated as an

optimal control problem. Thus, in principle, an optimal solution of this problem can

be computed via dynamic programming.

However, most petroleum reservoir production problems of practical interest are

large-scale, nonlinear dynamic optimization problems. Thus, except for a few special

cases, if we directly apply DP to such problems, the computational requirements

become prohibitive due to the enormous or even infinite number of states (known as

curse of dimensionality in DP and RL literature). One way to overcome the curse of

dimensionality in DP is to apply ADP, and some recent literature has proposed an
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ADP algorithm for this problem based on linear programming approach in DP (see

[16], [17], [50], [51]).

On the other hand, petroleum reservoir simulation is a well-studied field, and

reservoir simulators are available for most petroleum reservoirs (see [5]). Notice that

by treating a reservoir simulator as the “environment”, one can use RL algorithms to

learn near-optimal controls in a petroleum reservoir production optimization prob-

lem. In some cases, some suitable RL algorithms might achieve better solutions than

existing optimization techniques.

1.2 Efficient Reinforcement Learning and Gener-

alization

Efficient reinforcement learning (RL) is concerned with how to make the best use of

data and computational resources in the course of RL. Specifically, an RL algorithm

is statistically efficient (or sample efficient) if its sample complexity – the maximum

expected number of time steps with poor performance – is low; it is computationally

efficient if its per-step computational complexity is low; and it is efficient if it is both

statistically efficient and computationally efficient.

A growing body of work on efficient RL provides algorithms with guarantees on

sample and computational efficiency [27, 12, 3, 42, 7, 22]. This literature highlights

the point that efficient RL is nontrivial, and an agent needs to plan to learn to achieve

efficient RL. Specifically, an effective exploration scheme is critical to the design of

any efficient RL algorithm. In particular, popular exploration schemes such as ε-

greedy, Boltzmann, and knowledge gradient can require learning times that grow

exponentially in the number of states and/or the planning horizon. We will provide

such examples in this dissertation.

The idea of “plan to learn” is illustrated in Figure 1.3. Specifically, assume that

the green nodes correspond to states whose local reward and state transition model

is “well-known” to the agent, while the red nodes correspond to states whose local

reward and state transition model is not “well-known”. Furthermore, suppose that
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Figure 1.3: Illustration of “plan to learn”

the agent is at state 2 in time period 0. Although the reward and state transition

model at the current state is well-known, however, the available information indicates

that to achieve a significantly improved policy, the agent needs to visit state 4, which

is an “informative state” in this case. Thus, to achieve efficient RL, the agent needs

to plan to reach state 4 as quickly as possible.

The aforementioned literature focuses on tabula rasa learning; that is, algorithms

aim to learn with little or no prior knowledge about transition probabilities and re-

wards. Such algorithms require learning times that grow at least linearly with the

number of states. Despite the valuable insights that have been generated through

their design and analysis, these algorithms are of limited practical import because

state spaces in most contexts of practical interest are enormous (the curse of dimen-

sionality). There is a need for algorithms that generalize from past experience in

order to learn how to make effective decisions in reasonable time.

There has been much work on reinforcement learning algorithms that generalize

(see, e.g., [10, 43, 44, 37] and references therein). Most of these algorithms do not

come with statistical or computational efficiency guarantees, though there are a few

noteworthy exceptions, which we now discuss. A number of results treat policy-based

algorithms (see [24, 4] and references therein), in which the goal is to select high-

performers among a pre-specified collection of policies as learning progresses. Though

interesting results have been produced in this line of work, each entails quite restrictive
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assumptions or does not make strong guarantees. Another body of work focuses

on model-based algorithms. An algorithm is proposed in [26] that fits a factored

model to observed data and makes decisions based on the fitted model. The authors

establish a sample complexity bound that is polynomial in the number of model

parameters rather than the number of states, but the algorithm is computationally

intractable because of the difficulty of solving factored MDPs. A recent paper [29]

proposes a novel algorithm for the case where the true environment is known to

belong to a finite or compact class of models, and shows that its sample complexity

is polynomial in the cardinality of the model class if the model class is finite, or the

ε-covering-number if the model class is compact. Though this result is theoretically

interesting, for most model classes of interest, the ε-covering-number is enormous

since it typically grows exponentially in the number of free parameters. Another

recent paper [35] establishes a regret bound for an algorithm that applies to problems

with continuous state spaces and Hölder-continuous rewards and transition kernels.

Though the results represent an interesting contribution to the literature, a couple

features of the regret bound weaken its practical implications. First, regret grows

linearly with the Hölder constant of the transition kernel, which for most contexts

of practical relevance grows exponentially in the number of state variables. Second,

the dependence on time becomes arbitrarily close to linear as the dimension of the

state space grows. Reinforcement learning in linear systems with quadratic cost is

treated in [1]. The method proposed is shown to realize regret that grows with the

square root of time. The result is interesting and the property is desirable, but to

the best of our knowledge, expressions derived for regret in the analysis exhibit an

exponential dependence on the number of state variables, and further, we are not

aware of a computationally efficient way of implementing the proposed method. This

work was extended by [21] to address linear systems with sparse structure. Here, there

are efficiency guarantees that scale gracefully with the number of state variables, but

only under sparsity and other technical assumptions.

The most popular approach to generalization in the applied reinforcement learn-

ing literature involves fitting parameterized value functions. Such approaches relate

closely to supervised learning in that they learn functions from state to value, though
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a difference is that value is influenced by action and observed only through delayed

feedback. One advantage over model learning approaches is that, given a fitted value

function, decisions can be made without solving a potentially intractable control

problem. We see this as a promising direction, though there currently is a lack of

theoretical results that provide attractive bounds on learning time with value func-

tion generalization. A relevant paper along this research line is [30], which studies

the efficient reinforcement learning with value function generalization in the KWIK

framework (see [31]), and reduces the efficient reinforcement learning problem to the

efficient KWIK online regression problem. However, the authors do not show how to

solve the general KWIK online regression problem efficiently, and it is not even clear

whether this is possible. Thus, though the result of [30] is interesting, it does not

provide a provably efficient algorithm.

An important challenge that remains is to develop efficient RL algorithms with

value function generalization (VFG) by coupling exploration and value function gen-

eralization in an effective way. In this dissertation, we aim to make progress in this

direction. Specifically, in this dissertation, we distinguish between the provably ef-

ficient RL algorithms and the practically efficient RL algorithms. We say an RL

algorithm is provably efficient if sample and computational efficiency guarantees that

scale gracefully with the planning horizon and model complexity have been estab-

lished for that algorithm; and we say an RL algorithm is practically efficient if it

is sample and computationally efficient in most practical RL problems. To see the

differences between provably efficient RL algorithms and practically efficient RL al-

gorithms, notice that

• Some provably efficient RL algorithms are designed for specific RL problems,

and hence might be hard to extend to more general RL problems. Specifically,

for some practical RL problems, they are either not applicable, or will suffer

poor performance.

• Some provably efficient RL algorithms are designed to facilitate analysis, and

hence are over-complicated and/or too conservative in exploring. In many prac-

tical RL problems, the performances of such algorithms are not as good as some
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simple RL algorithms, though the latter class of algorithms usually does not

have provable sample efficiency guarantees. Furthermore, some RL algorithms

are provably sample efficient, but computationally intractable. Such RL algo-

rithms should be viewed as constructive proofs of sample complexity guarantees,

rather than practical RL algorithms.

• Some RL algorithms are sample and computationally efficient in most practical

RL problems. However, for such algorithms, it is hard to establish provable

sample efficiency results that scale gracefully with the planning horizon and

model complexity.

1.3 Overview of the Dissertation

The remainder of this dissertation is organized as follows. In Chapter 2, we consider

the problem of RL over episodes of a finite-horizon deterministic system, and pro-

pose a provably sample efficient RL algorithm called optimistic constraint propagation

(OCP). OCP is designed to synthesize efficient exploration and value function gener-

alization. Specifically, we establish that when the true value function Q∗ lies within

the hypothesis class Q, OCP selects optimal actions over all but at most dimE[Q]

episodes, where dimE denotes the eluder dimension. We establish further efficiency

and asymptotic performance guarantees that apply even if Q∗ does not lie in Q, for

the special case where Q is the span of pre-specified indicator functions over disjoint

sets.

In Chapter 3, we consider an RL problem in which an agent repeatedly interacts

with a finite-horizon MDP, and has prior knowledge that the true value function Q∗

is “close” to a known finite hypothesis class. We reformulate this problem as an MAB

problem, and propose a provably efficient RL algorithm based on an existing MAB

algorithm. The sample complexity of our proposed algorithm is independent of state

and action space cardinalities, and polynomial in other problem parameters.

In Chapter 4, we consider RL problems in which an agent has prior knowledge

that the true value function Q∗ is “close” to a linear subspace (linear value function
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generalization). We propose an approach to exploration based on randomized value

functions and an algorithm – randomized least-squares value iteration (RLSVI) – that

embodies this approach. We explain why versions of least-squares value iteration

that use Boltzmann or ε-greedy exploration can be highly inefficient and present

computational results that demonstrate dramatic efficiency gains enjoyed by RLSVI.

Our experiments focus on learning over episodes of a finite-horizon MDP and use a

version of RLSVI designed for that task, but we also propose a version of RLSVI that

addresses continual learning in an infinite-horizon discounted MDP.

Finally, we conclude and discuss future work in Chapter 5. Some parts of this

dissertation have been published (see [54] and [48]).



Chapter 2

Efficient Reinforcement Learning

in Episodic Deterministic Systems

2.1 Overview

In this chapter, we restrict our attention to deterministic systems that evolve over

finite time horizons, and we consider episodic learning, in which an agent repeatedly

interacts with the same system. As a solution to the problem, we propose optimistic

constraint propagation (OCP), a computationally efficient reinforcement learning al-

gorithm designed to synthesize efficient exploration and value function generalization.

We establish that when the true value function Q∗ lies within the hypothesis class

Q, OCP selects optimal actions over all but at most dimE[Q] episodes. Here, dimE

denotes the eluder dimension, which quantifies complexity of the hypothesis class. A

corollary of this result is that regret is bounded by a function that is constant over

time and linear in the problem horizon and eluder dimension.

To put our aforementioned result in perspective, it is useful to relate it to other

lines of work. Consider first the broad area of reinforcement learning algorithms that

fit value functions, such as SARSA [38]. Even with the most commonly used sort of

hypothesis class Q, which is made up of linear combinations of fixed basis functions,

and even when the hypothesis class contains the true value function Q∗, there are no

guarantees that these algorithms will efficiently learn to make near-optimal decisions.

12
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On the other hand, our result implies that OCP attains near-optimal performance in

time that scales linearly with the number of basis functions. Now consider the more

specialized context of a deterministic linear system with quadratic cost and a finite

time horizon. The analysis of [1] can be leveraged to produce regret bounds that scale

exponentially in the number of state variables. On the other hand, using a hypothesis

space Q consisting of quadratic functions of state-action pairs, the results of this

chapter show that OCP behaves near optimally within time that scales quadratically

in the number of state and action variables.

We also establish efficiency and asymptotic performance guarantees that apply to

agnostic reinforcement learning, where Q∗ does not necessarily lie in Q. In particular,

we consider the case where Q is the span of pre-specified indicator functions over

disjoint sets. Our results here add to the literature on agnostic reinforcement learning

with such a hypothesis class [41, 46, 20, 47]. Prior work in this area has produced

interesting algorithms and insights, as well as bounds on performance loss associated

with potential limits of convergence, but no convergence or efficiency guarantees.

As we have discussed in Chapter 1, our algorithm and results also serve as con-

tributions to approximate dynamic programming (ADP). For prior ADP algorithms

that fit a linear combination of basis functions to the value function, even when the

optimal value function is within the span, there are no guarantees that a near-optimal

policy can be computed efficiently. In this chapter, we establish such a guarantee for

OCP.

This chapter proceeds as follows. We briefly review RL in episodic deterministic

systems in Section 2.2 and discuss inefficient exploration schemes in Section 2.3. In

Section 2.4, we propose OCP and discuss several contexts of practical relevance and/or

theoretical interest in which OCP can be applied. The sample efficiency results are

established in Section 2.5 and we briefly discuss the computational complexity of

OCP in Section 2.6.

The notations in this chapter are summarized in Table 2.1.
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Notation Definition
M A discrete-time finite-horizon deterministic system
S The state space of the deterministic system
A The action space of the deterministic system
H The time horizon of the deterministic system
R Reward function
R Bound on rewards
F System function
S The sequence of initial states of all the episodes
x State
a Action
j Index of episode
t index of period in an episode
µ Policy
V µ State value function under policy µ
V ∗ Optimal state value function
Q∗ Action-contingent optimal value function

Q, Q̃ Real functions of the same domain as Q∗

Regret(T ) Regret over episodes experienced prior to time T
Q Hypothesis class
C A sequence of constraints on the action-contingent value function
∅ Empty set
Z Set of all state-action-period triples

dimE[Q] Eluder dimension of the hypothesis class Q
M A class of finite-horizon deterministic systems
Zt State-action space at period t
ρ Distance between Q∗ and hypothesis class Q
Q, optimistic action-contingent value function

Q/ pessimistic action-contingent value function

Table 2.1: Notation for Chapter 2
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2.2 Reinforcement Learning in Episodic Determin-

istic Systems

In this chapter, we consider an episodic reinforcement learning (RL) problem in which

an agent repeatedly interacts with a discrete-time finite-horizon deterministic system,

and refer to each interaction as an episode. The system is identified by a sextuple

M = (S,A, H, F,R, S), where S is the state space, A is the action space, H is

the horizon, F is a system function, R is a reward function and S is a sequence of

states. If action a ∈ A is selected while the system is in state x ∈ S at period

t = 0, 1, · · · , H − 1, a reward of Rt(x, a) is realized; furthermore, if t < H − 1, the

state transitions to Ft(x, a). Each episode terminates at period H − 1, and then a

new episode begins. The initial state of episode j is the jth element of S.

To represent the history of actions and observations over multiple episodes, we will

often index variables by both episode and period. For example, xj,t and aj,t denote the

state and action at period t of episode j, where j = 0, 1, · · · and t = 0, 1, · · · , H − 1.

To count the total number of steps since the agent started learning, we say period t

in episode j is time jH + t.

A (deterministic) policy µ = (µ0, . . . , µH−1) is a sequence of functions, each map-

ping S to A. For each policy µ, define a value function V µ
t (x) =

∑H−1
τ=t Rτ (xτ , aτ ),

where xt = x, xτ+1 = Fτ (xτ , aτ ), and aτ = µτ (xτ ). The optimal value function

is defined by V ∗t (x) = supµ V
µ
t (x). A policy µ∗ is said to be optimal if V µ∗ = V ∗.

Throughout this chapter, we will restrict attention to systemsM = (S,A, H, F,R, S)

that admit optimal policies. Note that this restriction incurs no loss of generality when

the action space is finite.

It is also useful to define an action-contingent optimal value function:

Q∗t (x, a) =

{
Rt(x, a) + V ∗t+1(Ft(x, a)) if t < H − 1

RH−1(x, a) if t = H − 1
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Then, a policy µ∗ is optimal if

µ∗t (x) ∈ arg max
a∈A

Q∗t (x, a) ∀(x, t).

A reinforcement learning algorithm generates each action aj,t based on observa-

tions made up to the tth period of the jth episode, including all states, actions, and

rewards observed in previous episodes and earlier in the current episode, as well as

the state space S, action space A, horizon H, and possible prior information. In

each episode, the algorithm realizes reward R(j) =
∑H−1

t=0 Rt (xj,t, aj,t). Note that

R(j) ≤ V ∗0 (xj,0) for each jth episode. One way to quantify performance of a re-

inforcement learning algorithm is in terms of the number of episodes JL for which

R(j) < V ∗0 (xj,0) − ε, where ε ≥ 0 is a pre-specified performance loss threshold. If

the reward function R is bounded, with |Rt(x, a)| ≤ R for all (x, a, t), then this also

implies a bound on regret over episodes experienced prior to time T , defined by

Regret(T ) =

bT/Hc−1∑
j=0

(V ∗0 (xj,0)−R(j)).

In particular, Regret(T ) ≤ 2RHJL + εbT/Hc.

2.3 Inefficient Exploration Schemes

Before proceeding, it is worth pointing out that for the reinforcement learning problem

proposed above, even in the tabula rasa case, a number of popular exploration schemes

give rise to unsatisfactory sample complexities. Boltzmann and ε-greedy exploration

schemes (see, e.g., [36]), for example, lead to worst-case regret exponential in H

and/or |S|. Also, the knowledge gradient exploration scheme [37] can converge to

suboptimal policies, and even when the ultimate policy is optimal, the time required

can grow exponentially in H and/or |S|. Thus, even for the tabula rasa case, efficient

exploration schemes are necessary for an algorithm to achieve a regret polynomial in

H and |S|.
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In the remainder of this section, we provide an example that takes tabular Q-

learning with Boltzmann exploration exponentially many episodes to learn an optimal

policy. One can construct such examples for ε-greedy exploration similarly. More

examples will be provided in Chapter 4.

Example 1 Consider the deterministic system described in Figure 2.1. Specifically,

State	
  1	
  

	
  State	
  2	
  

t=0	
   t=1	
   t=2	
   t=H-­‐2	
   t=H-­‐1	
  

Figure 2.1: Deterministic system for which Boltzmann exploration is inefficient

in Figure 2.1, each node represents a state-time pair, and each arrow corresponds to

a possible deterministic state transition. We further assume that the rewards only

depend on the state-time pair, with Rt(x) = 0 if the node is red and Rt(x) = 1 if the

node is green. Obviously, for this example, the optimal policy is to follow the unique

path to the green node.

Now assume that we apply the Q-learning algorithm with Boltzmann exploration to

this example, with initial Q-values Qt(x, a) = 0, ∀(x, a, t). Thus, from the Q-learning

algorithm, Qt(x, a) = 0, ∀(x, a, t), will hold until the first visit to the green node.

We also note that if Qt(x, a) = 0, ∀(x, a, t), then with Boltzmann exploration, the

Q-learning algorithm will choose actions uniformly randomly at every state-time pair.

Thus, in this case, the probability that the algorithm will visit the green node in one

episode is 1
2H−1 . Consequently, in expectation, it takes the algorithm 2H−1 episodes to

first visit the green node.

2.4 Optimistic Constraint Propagation

Our reinforcement learning algorithm – optimistic constraint propagation (OCP) –

takes as input the state space S, the action space A, the horizon H, and a hypothesis
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class Q of candidates for Q∗. The algorithm maintains a sequence of subsets of Q
and a sequence of scalar “upper bounds”, which summarize constraints that past

experience suggests for ruling out hypotheses. Each constraint in this sequence is

specified by a state x ∈ S, an action a ∈ A, a period t = 0, . . . , H−1, and an interval

[L,U ] ⊆ <, and takes the form {Q ∈ Q : L ≤ Qt(x, a) ≤ U}. The upper bound of

the constraint is U . Given a sequence C = (C1, . . . , C|C|) of such constraints and upper

bounds U = (U1, . . . ,U|C|), a set QC is defined constructively by Algorithm 1. Note

that if the constraints do not conflict then QC = Q∩C1∩ · · · ∩C|C|. When constraints

do conflict, priority is assigned first based on upper bound, with smaller upper bound

preferred, and then, in the event of ties in upper bound, based on position in the

sequence, with more recent experience preferred.

Algorithm 1 Constraint Selection

Require: Q, C
QC ← Q, u← minU
while u ≤ ∞ do

for τ = |C| to 1 do
if Uτ = u and QC ∩ Cτ 6= ∅ then
QC ← QC ∩ Cτ

end if
end for
if {u′ ∈ U : u′ > u} = ∅ then

return QC
end if
u← min{u′ ∈ U : u′ > u}

end while

OCP, presented below as Algorithm 2, at each time t computes for the current

state xj,t and each action a the greatest state-action value Qt(xj,t, a) among functions

in QC and selects an action that attains the maximum. In other words, an action

is chosen based on the most optimistic feasible outcome subject to constraints. The

subsequent reward and state transition give rise to a new constraint that is used to

update C. Note that the update of C is postponed until one episode is completed.

Note that if Q∗ ∈ Q then each constraint appended to C does not rule out Q∗, and

therefore, the sequence of sets QC generated as the algorithm progresses is decreasing
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Algorithm 2 Optimistic Constraint Propagation

Require: S, A, H, Q
Initialize C ← ∅
for episode j = 0, 1, · · · do

Set C ′ ← C
for period t = 0, 1, · · · , H − 1 do

Apply aj,t ∈ arg maxa∈A supQ∈QC Qt(xj,t, a)
if t < H − 1 then
Uj,t ← supQ∈QC (Rt(xj,t, aj,t) + supa∈AQt+1 (xj,t+1, a))
Lj,t ← infQ∈QC (Rt(xj,t, aj,t) + supa∈AQt+1 (xj,t+1, a))

else
Uj,t ← Rt(xj,t, aj,t), Lj,t ← Rt(xj,t, aj,t)

end if
C ′ ← C ′ _ {Q ∈ Q : Lj,t ≤ Qt(xj,t, aj,t) ≤ Uj,t}

end for
Update C ← C ′

end for

and contains Q∗ in its intersection. In the agnostic case, where Q∗ may not lie in Q,

new constraints can be inconsistent with previous constraints, in which case selected

previous constraints are relaxed as determined by Algorithm 1.

Let us briefly discuss several contexts of practical relevance and/or theoretical

interest in which OCP can be applied.

• Finite state/action tabula rasa case. With finite state and action spaces,

Q∗ can be represented as a vector, and without special prior knowledge, it is

natural to let Q = <|S|·|A|·H .

• Polytopic prior constraints. Consider the aforementioned example, but

suppose that we have prior knowledge that Q∗ lies in a particular polytope.

Then we can let Q be that polytope and again apply OCP.

• Linear systems with quadratic cost (LQ). In this classical control model,

if S = <n, A = <m, and R is a positive semidefinite quadratic, then for each

t, Q∗t is known to be a positive semidefinite quadratic, and it is natural to let

Q = QH0 with Q0 denoting the set of positive semidefinite quadratics.
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• Finite hypothesis class. Consider a context when we have prior knowledge

that Q∗ can be well approximated by some element in a finite hypothesis class.

Then we can let Q be that finite hypothesis class and apply OCP. This scenario

is of particular interest from the perspective of learning theory. Note that this

context entails agnostic learning, which is accommodated by OCP.

• Linear combination of features. It is often effective to hand-select a set of

features φ1, . . . , φK , each mapping S × A to <, and, then for each t, aiming to

compute weights θ(t) ∈ <K so that
∑

k θ
(t)
k φk approximates Q∗t without knowing

for sure that Q∗t lies in the span of the features. To apply OCP here, we would

let Q = QH0 with Q0 = span(φ1, . . . , φK). Note that this context also entails

agnostic learning.

• Sigmoid. If it is known that rewards are only received upon transitioning to the

terminal state and take values between 0 and 1, it might be appropriate to use

a variation of the aforementioned feature based model that applies a sigmoidal

function to the linear combination. In particular, we could have Q = QH0 with

Q0 =
{
ψ (
∑

k θkφk(·)) : θ ∈ <K
}

, where ψ(z) = ez/(1 + ez).

• Sparse linear combination of features. Another case of potential interest

is where Q∗ can be encoded by a sparse linear combination of a large number of

features φ0, · · · , φK . In particular, suppose that Φ = [φ0, · · · , φK ] ∈ <|S||A|×K ,

and Q = QH0 with

Q0 =
{
Φθ : θ ∈ <K , ‖θ‖0 ≤ K0

}
,

where ‖θ‖0 is the L0-“norm” of θ and K0 � K.

It is worth mentioning that OCP, as we have defined it, assumes that an action

a maximizing supQ∈QC Qt(xj,t, a) exists in each iteration. Note that this assumption

always holds if the action space A is finite, and it is not difficult to modify the

algorithm so that it addresses cases where this is not true. But we have not presented

the more general form of OCP in order to avoid complicating this chapter.
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2.5 Sample Efficiency of Optimistic Constraint Prop-

agation

We now establish results concerning the sample efficiency of OCP. Our results bound

the time it takes OCP to learn, and this must depend on the complexity of the

hypothesis class. As such, we begin by defining the eluder dimension, as introduced

in [39], which is the notion of complexity we will use.

2.5.1 Eluder Dimension

Let Z = {(x, a, t) : x ∈ S, a ∈ A, t = 0, . . . , H − 1} be the set of all state-action-

period triples, and let Q denote a nonempty set of functions mapping Z to <. For

all (x, a, t) ∈ Z and Z̃ ⊆ Z, (x, a, t) is said to be dependent on Z̃ with respect to Q
if any pair of functions Q, Q̃ ∈ Q that are equal on Z̃ are equal at (x, a, t). Further,

(x, a, t) is said to be independent of Z̃ with respect to Q if (x, a, t) is not dependent

on Z̃ with respect to Q.

The eluder dimension dimE[Q] of Q is the length of the longest sequence of el-

ements in Z such that every element is independent of its predecessors. Note that

dimE[Q] can be zero or infinity, and it is straightforward to show that if Q1 ⊆ Q2

then dimE[Q1] ≤ dimE[Q2]. Based on results of [39], we can characterize the eluder

dimensions of various hypothesis classes presented in the previous section.

• Finite state/action tabula rasa case. If Q = <|S|·|A|·H , then

dimE[Q] = |S| · |A| ·H.

• Polytopic prior constraints. If Q is a polytope of dimension d in <|S|·|A|·H ,

then dimE[Q] = d.

• Linear systems with quadratic cost (LQ). If Q0 is the set of positive

semidefinite quadratics with domain <m+n and Q = QH0 , then

dimE[Q] = (m+ n+ 1)(m+ n)H/2.
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• Finite hypothesis space. If |Q| <∞, then dimE[Q] ≤ |Q| − 1.

• Linear combination of features. If Q = QH0 with Q0 = span(φ1, . . . , φK),

then dimE[Q] ≤ KH.

• Sigmoid. If Q = QH0 with Q0 =
{
ψ (
∑

k θkφk(·)) : θ ∈ <K
}

, then

dimE[Q] ≤ KH.

• Sparse linear combination of features. If Q = QH0 with

Q0 =
{
Φθ : θ ∈ <K , ‖θ‖0 ≤ K0

}
and 2K0 ≤ min{|S||A|, K}, and any 2K0 × 2K0 submatrix of Φ has full rank,

then dimE[Q] ≤ 2K0H. We will establish this eluder dimension bound in the

appendix.

2.5.2 Coherent Learning

We now present results that apply when OCP is presented with a coherent hypothesis

class; that is, where Q∗ ∈ Q. Our first result establishes that OCP can deliver less

than optimal performance in no more than dimE[Q] episodes.

Theorem 1 For any systemM = (S,A, H, F,R, S), if OCP is applied with Q∗ ∈ Q,

then

|{j : R(j) < V ∗0 (xj,0)}| ≤ dimE[Q]. (2.1)

This theorem follows from an “exploration-exploitation lemma” (Lemma 2), which

asserts that in each episode, OCP either delivers optimal reward (exploits) or intro-

duces a constraint that reduces the eluder dimension of the hypothesis class by one

(explores). Consequently, OCP will experience sub-optimal performance in at most
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dimE[Q] episodes. We outline the proof of Theorem 1 at the end of this subsection

and the detailed analysis is provided in the appendix. An immediate corollary bounds

regret.

Corollary 1 For any R, any system M = (S,A, H, F,R, S) with

sup
(x,a,t)

|Rt(x, a)| ≤ R,

and any T , if OCP is applied with Q∗ ∈ Q, then Regret(T ) ≤ 2RHdimE[Q].

Note the regret bound in Corollary 1 does not depend on time T , thus, it is an

O (1) bound. Furthermore, this regret bound is linear in R, H and dimE[Q], and does

not directly depend on |S| or |A|. The following result demonstrates that the bounds

of the above theorem and corollary are sharp.

Theorem 2 For any R ≥ 0, any K,H ′ = 1, 2, · · · and any reinforcement learning

algorithm µ̃ that takes as input a state space, an action space, a horizon and a coherent

hypothesis class, there exist a systemM = (S,A, H, F,R, S) and a hypothesis class Q
satisfying (1) sup(x,a,t) |Rt(x, a)| ≤ R, (2) H = H ′, (3) dimE[Q] = K and (4) Q∗ ∈ Q
such that if we apply µ̃ to M with input (S,A, H,Q), then |{j : R(j) < V ∗0 (xj,0)}| ≥
dimE[Q] and supT Regret(T ) ≥ 2RHdimE[Q].

A constructive proof of these lower bounds is provided at the end of this subsection.

Following our discussion in previous sections, we discuss several interesting contexts

in which the agent knows a coherent hypothesis class Q with finite eluder dimension.

• Finite state/action tabula rasa case. If we apply OCP in this case, then it

will deliver sub-optimal performance in at most |S| · |A| ·H episodes. Further-

more, if sup(x,a,t) |Rt(x, a)| ≤ R, then for any T , Regret(T ) ≤ 2R|S||A|H2.

• Polytopic prior constraints. If we apply OCP in this case, then it will deliver

sub-optimal performance in at most d episodes. Furthermore, if

sup
(x,a,t)

|Rt(x, a)| ≤ R,
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then for any T , Regret(T ) ≤ 2RHd.

• Linear systems with quadratic cost (LQ). If we apply OCP in this case,

then it will deliver sub-optimal performance in at most (m+n+ 1)(m+n)H/2

episodes.

• Finite hypothesis class case. Assume that the agent has prior knowledge

that Q∗ ∈ Q, where Q is a finite hypothesis class. If we apply OCP in this case,

then it will deliver sub-optimal performance in at most |Q| − 1 episodes. Fur-

thermore, if sup(x,a,t) |Rt(x, a)| ≤ R, then for any T , Regret(T ) ≤ 2RH [|Q| − 1].

• Sparse linear combination case. Assume that the agent has prior knowledge

thatQ∗ ∈ Q, whereQ =
{
Φθ : θ ∈ <K , ‖θ‖0 ≤ K0

}H
and 2K0 ≤ min{|S||A|, K},

and any 2K0× 2K0 submatrix of Φ has full rank. If we apply OCP in this case,

then it will deliver sub-optimal performance in at most 2K0H episodes. Fur-

thermore, if sup(x,a,t) |Rt(x, a)| ≤ R, then for any T , Regret(T ) ≤ 4RK0H
2.

Sketch of Proof for Theorem 1

We start by defining some useful notations. Specifically, we use Cj to denote the C in

episode j to distinguish C’s in different episodes, and use z as a shorthand notation

for a state-action-time triple (x, a, t). As we have discussed above, since Q∗ ∈ Q, thus

each constraint appended to C does not rule out Q∗, and thus we have Q∗ ∈ QCj for

any j = 0, 1, · · · .
For any episode j = 0, 1, · · · , we define Zj and t∗j by Algorithm 3. Note that by

definition, ∀j = 0, 1, · · · ,

• Zj is a sequence (ordered set) of elements in Z. Furthermore, each element in

Zj is independent of its predecessors.

• If t∗j 6= NULL, then it is the last period in episode j s.t. (xj,t, aj,t, t) is indepen-

dent of Zj with respect to Q.

Based on the notions of Zj and t∗j , we have the following technical lemma:
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Algorithm 3 Definition of Zj and t∗j
Initialize Z0 ← ∅
for j = 0, 1, · · · do

Set t∗j ← NULL
if ∃t = 0, 1, · · · , H − 1 s.t. (xj,t, aj,t, t) is independent of Zj with respect to Q
then

Set

t∗j ← last period t in episode j s.t. (xj,t, aj,t, t) is independent of Zj
with respect to Q

and Zj+1 ←
[
Zj, (xj,t∗j , aj,t∗j , t

∗
j)
]

else
Set Zj+1 ← Zj

end if
end for

Lemma 1 ∀j = 0, 1, · · · and ∀t = 0, 1, · · · , H − 1, we have

(a) ∀z ∈ Zj and ∀Q ∈ QCj , we have Q(z) = Q∗(z).

(b) If (xj,t, aj,t, t) is dependent on Zj with respect to Q, then (1) aj,t is optimal and

(2) Qt(xj,t, aj,t) = Q∗t (xj,t, aj,t) = V ∗t (xj,t), ∀Q ∈ QCj .

Please refer to the appendix for the proof of Lemma 1. Based on Lemma 1, we

have the following exploration/exploitation lemma, which states that in each episode

j, OCP algorithm either achieves the optimal reward (exploits), or updates QCj+1

based on the Q-value at an independent state-action-time triple (explores).

Lemma 2 For any j = 0, 1, · · · , if t∗j 6= NULL, then (xj,t∗j , aj,t∗j , t
∗
j) is independent of

Zj, |Zj+1| = |Zj|+ 1 and Qt∗j
(xj,t∗j , aj,t∗j ) = Q∗t∗j (xj,t∗j , aj,t∗j ) ∀Q ∈ QCj+1

(Exploration).

Otherwise, if t∗j = NULL, then R(j) = V ∗0 (xj,0) (Exploitation).

Theorem 1 follows from Lemma 2. Please refer to the appendix for the detailed

proofs for Lemma 2 and Theorem 1.
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Constructive Proof for Theorem 2

We start by defining some useful terminologies and notations. First, for any state

space S, any time horizon H = 1, 2, · · · , any action space A, and any hypothesis

class Q, we use M (S,A, H,Q) to denote the set of all finite-horizon deterministic

systemM’s with state space S, action space A, horizon H and Q∗ ∈ Q. Notice that

for any reinforcement learning algorithm that takes S, A, H, Q as input, and knows

that Q is a coherent hypothesis class, M (S,A, H,Q) is the set of all finite-horizon

deterministic systems that are consistent with the algorithm’s prior information.

We prove a result that is stronger than Theorem 2 by considering a scenario in

which an adversary adaptively chooses a deterministic system M ∈ M (S,A, H,Q).

Specifically, we assume that

• At the beginning of each episode j, the adversary adaptively chooses the initial

state xj,0.

• At period t in episode j, the agent first chooses an action aj,t ∈ A based on some

RL algorithm1, and then the adversary adaptively chooses a set of state-action-

time triples Zj,t ⊆ Z and specifies the rewards and state transitions on Zj,t,
subject to the constraints that (1) (xj,t, aj,t, t) ∈ Zj,t and (2) these adaptively

specified rewards and state transitions must be consistent with the agent’s prior

knowledge and past observations.

We assume that the adversary’s objective is to maximize the number of episodes in

which the agent achieves sub-optimal rewards. Then we have the following lemma:

Lemma 3 ∀H,K = 1, 2, · · · and ∀R ≥ 0, there exist a state space S, an ac-

tion space A and a hypothesis class Q with dimE[Q] = K such that no matter

how the agent adaptively chooses actions, the adversary can adaptively choose an

M ∈ M (S,A, H,Q) with sup(x,a,t) |Rt(x, a)| ≤ R such that the agent will achieve

sub-optimal rewards in at least K episodes, and supT Regret(T ) ≥ 2RHK.

1In general, the RL algorithm can choose actions randomly. If so, all the results in this section
hold on the realized sample path.
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Since the fact that an adversary can adaptively choose a “bad” deterministic system

simply implies that such system exists, thus, Theorem 2 follows directly from Lemma

3.

Proof for Lemma 3: We provide a constructive proof for Lemma 3. Specifically,

∀H,K = 1, 2, · · · and ∀R ≥ 0, we construct the state space as S = {1, 2, · · · , 2K},
and the action space as A = {1, 2}. Recall that

Z = {(x, a, t) : x ∈ S, t = 0, 1, · · · , H − 1, and a ∈ A} ,

thus, for S and A constructed above, we have |Z| = 4KH. Hence, Q∗, the optimal

Q-function, can be represented as a vector in <4KH .

Before specifying the hypothesis class Q, we first define a matrix Φ ∈ <4KH×K as

follows. ∀(x, a, t) ∈ Z, let Φ(x, a, t) ∈ <K denote the row of Φ corresponding to the

state-action-time triple (x, a, t), we construct Φ(x, a, t) as:

Φ(x, a, t) =


(H − t)ek if x = 2k − 1 for some k = 1, · · · ,K, a = 1, 2 and t > 0

−(H − t)ek if x = 2k for some k = 1, · · · ,K, a = 1, 2 and t > 0

Hek if x = 2k − 1 or 2k for some k = 1, · · · ,K, a = 1 and t = 0

−Hek if x = 2k − 1 or 2k for some k = 1, · · · ,K, a = 2 and t = 0

(2.2)

where ek ∈ <K is a (row) indicator vector with a one at index k and zeros every-

where else. Obviously, rank(Φ) = K. We choose Q = span [Φ], thus dimE[Q] =

dim (span [Φ]) = rank(Φ) = K.

Now we describe how the adversary adaptively chooses a finite-horizon determin-

istic system M∈M (S,A, H,Q):

• For any j = 0, 1, · · · , at the beginning of episode j, the adversary chooses the

initial state in that episode as xj,0 = (j mod K)× 2 + 1. That is, x0,0 = xK,0 =

x2K,0 = · · · = 1, x1,0 = xK+1,0 = x2K+1,0 = · · · = 3, etc.

• Before interacting with the agent, the adversary chooses the following system
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State	
  1	
  

	
  State	
  2	
  

t=0	
   t=1	
   t=2	
   t=3	
   t=H-­‐1	
  

State	
  2K-­‐1	
  

State	
  2K	
  

Figure 2.2: Deterministic system constructed by the adversary

function F 2:

Ft(x, a) =


2k − 1 if t = 0, x = 2k − 1 or 2k for some k = 1, · · · ,K, and a = 1

2k if t = 0, x = 2k − 1 or 2k for some k = 1, · · · ,K, and a = 2

x if t = 1, · · · , H − 2 and a = 1, 2

The state transition is illustrated in Figure 2.2.

• In episode j = 0, 1, · · · , K − 1, the adversary adaptively chooses the reward

function R as follows. If the agent takes action 1 in period 0 in episode j at

initial state xj,0 = 2j + 1, then the adversary set

R0(2j + 1, 1) = R0(2j + 2, 1) = Rt(2j + 1, 1) = Rt(2j + 1, 2) = −R

and

R0(2j + 1, 2) = R0(2j + 2, 2) = Rt(2j + 2, 1) = Rt(2j + 2, 2) = R,

∀t = 1, 2, · · · , H − 1. Otherwise (i.e. if the agent takes action 2 in period 0 in

2More precisely, in this constructive proof, the adversary does not need to adaptively choose the
system function F . He can choose F beforehand.
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episode j), then the adversary set

R0(2j + 1, 1) = R0(2j + 2, 1) = Rt(2j + 1, 1) = Rt(2j + 1, 2) = R

and

R0(2j + 1, 2) = R0(2j + 2, 2) = Rt(2j + 2, 1) = Rt(2j + 2, 2) = −R.

Notice that the adversary completes the construction of the deterministic system

M at the end of episode K − 1.

Note that for the constructed deterministic system M, we have Q∗ ∈ Q. Specif-

ically, it is straight forward to see that Q∗ = Φθ∗, where θ∗ ∈ <K , and θ∗k, the kth

element of θ, is defined as θ∗k = −R if ak−1,0 = 1 and θ∗k = R if ak−1,0 = 2, for any

k = 1, 2, · · · , K. Thus, the constructed deterministic system M∈M (S,A, H,Q).

Finally, we show that the constructed deterministic system M satisfies Lemma

3. Obviously, we have |Rt(x, a)| ≤ R, ∀(x, a, t) ∈ Z. Furthermore, note that the

agent achieves sub-optimal rewards in the first K episodes, thus, he will achieve sub-

optimal rewards in at least K episodes. In addition, the cumulative regret in the first

K episodes is 2KHR, thus, supT Regret(T ) ≥ 2KHR. q.e.d.

2.5.3 Agnostic Learning

As we have discussed in Section 2.4, OCP can also be applied in agnostic learning

cases, where Q∗ may not lie in Q. For such cases, the performance of OCP should

depend on not only the complexity of Q, but also the distance between Q and Q∗. We

now present results when OCP is applied in a special agnostic learning case, where Q
is the span of pre-specified indicator functions over disjoint subsets. We henceforth

refer to this case as the state aggregation case.

Specifically, we assume that for any t = 0, 1, · · · , H − 1, the state-action space at

period t, Zt = {(x, a, t) : x ∈ S, a ∈ A}, can be partitioned into Kt disjoint subsets

Zt,1,Zt,2, · · · ,Zt,Kt , and use φt,k to denote the indicator function for partition Zt,k
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(i.e. φt,k(x, a, t) = 1 if (x, a, t) ∈ Zt,k, and φt,k(x, a, t) = 0 otherwise). We define

K =
∑H−1

t=0 Kt, and Q as

Q = span
{
φ0,1, φ0,2, · · · , φ0,K0 , φ1,1, · · · , φH−1,KH−1

}
. (2.3)

Note that dimE[Q] = K. We define the distance between Q∗ and the hypothesis class

Q as

ρ = min
Q∈Q
‖Q−Q∗‖∞ = min

Q∈Q
sup
(x,a,t)

|Qt(x, a)−Q∗t (x, a)|. (2.4)

The following result establishes that with Q and ρ defined above, the performance

loss of OCP is larger than 2ρH(H + 1) in at most K episodes.

Theorem 3 For any system M = (S,A, H, F,R, S), if OCP is applied with Q de-

fined in Eqn(2.3), then

|{j : R(j) < V ∗0 (xj,0)− 2ρH(H + 1)}| ≤ K,

where K is the number of partitions and ρ is defined in Eqn(2.4).

Similar to Theorem 1, this theorem also follows from an “exploration-exploitation

lemma” (Lemma 6), which asserts that in each episode, OCP either delivers near-

optimal reward (exploits), or approximately determines Q∗t (x, a)’s for all the (x, a, t)’s

in a disjoint subset (explores). We outline the proof for Theorem 3 at the end of this

subsection, and the detailed analysis is provided in the appendix. An immediate

corollary bounds regret.

Corollary 2 For any R ≥ 0, any system M = (S,A, H, F,R, S) with

sup
(x,a,t)

|Rt(x, a)| ≤ R,

and any time T , if OCP is applied with Q defined in Eqn(2.3), then

Regret(T ) ≤ 2RKH + 2ρ(H + 1)T,
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where K is the number of partitions and ρ is defined in Eqn(2.4).

Note that the regret bound in Corollary 2 is O (T ), and the coefficient of the linear

term is 2ρ(H + 1). Consequently, if Q∗ is close to Q, then the regret will increase

slowly with T . Furthermore, the regret bound in Corollary 2 does not directly depend

on |S| or |A|.
We further notice that the threshold performance loss in Theorem 3 is O (ρH2).

The following proposition provides a condition under which the performance loss in

one episode is O (ρH).

Proposition 1 For any episode j, if QC ⊆ {Q ∈ Q : Lj,t ≤ Qt(xj,t, aj,t) ≤ Uj,t},
∀t = 0, · · · , H − 1, then we have V ∗0 (xj,0)−R(j) ≤ 6ρH = O (ρH).

That is, if all the new constraints in an episode are redundant, then the perfor-

mance loss in that episode is O (ρH). Note that if the condition for Proposition 1

holds in an episode, then QC will not be modified at the end of that episode. Further-

more, if the system has a fixed initial state and the condition for Proposition 1 holds

in one episode, then it will hold in all the subsequent episodes, and consequently, the

performance losses in all the subsequent episodes are O (ρH).

Sketch of Proof for Theorem 3 and Proposition 1

We start by briefly describing how the constraint selection algorithm (Algorithm

1) updates QC’s for the function class Q specified in Eqn(2.3). Specifically, let θt,k

denote the coefficient of the indicator function φt,k, for any (t, k). Assume that (x, a, t)

belongs to partition Zt,k, then, with Q specified in Eqn(2.3), L ≤ Qt(x, a) ≤ U is a

constraint on and only on θt,k, and is equivalent to L ≤ θt,k ≤ U . By induction, it is

straightforward to see in episode j, QCj can be represented as{
θ ∈ <K : θ

(j)
t,k ≤ θt,k ≤ θ

(j)

t,k , ∀(t, k)
}
,

for some θ
(j)
t,k ’s and θ

(j)

t,k ’s. Note that θ
(j)
t,k can be−∞ and θ

(j)

t,k can be∞, and when j = 0,

θ
(0)

t,k =∞ and θ
(0)
t,k = −∞. Furthermore, from Algorithm 1, θ

(j)

t,k is monotonically non-

increasing in j, for all (t, k). Specifically, if OCP adds a new constraint L ≤ θt,k ≤ U
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on θt,k in episode j, we have θ
(j+1)

t,k = min{θ(j)t,k , U}; otherwise, θ
(j+1)

t,k = θ
(j)

t,k . Thus, if

θ
(j)

t,k <∞, then θ
(j′)

t,k <∞, ∀j′ ≥ j.

For any (x, a, t) ∈ Z, and any j, we define Q,
j,t(x, a), the optimistic Q-function in

episode j, as

Q,
j,t(x, a) = sup

Q∈QCj
Qt(x, a), (2.5)

and Q/
j,t(x, a), the pessimistic Q-function in episode j, as

Q/
j,t(x, a) = inf

Q∈QCj
Qt(x, a). (2.6)

Clearly, if (x, a, t) ∈ Zt,k, then we have Q,
j,t(x, a) = θ

(j)

t,k , and Q/
j,t(x, a) = θ

(j)
t,k . More-

over, (x, a, t)’s in the same partition have the same optimistic and pessimistic Q-

values.

It is also worth pointing out that by definition of ρ, if (x, a, t) and (x′, a′, t) are in

the same partition, then we have

|Q∗t (x, a)−Q∗t (x′, a′)| ≤ 2ρ. (2.7)

To see it, let Q̃ ∈ arg minQ∈Q ‖Q−Q∗‖∞, then we have |Q̃t(x, a)−Q∗t (x, a)| ≤ ρ and

|Q̃t(x
′, a′) − Q∗t (x′, a′)| ≤ ρ. Since Q̃ ∈ Q and (x, a, t) and (x′, a′, t) are in the same

partition, we have Q̃t(x, a) = Q̃t(x
′, a′). Then from triangular inequality, we have

|Q∗t (x, a)−Q∗t (x′, a′)| ≤ 2ρ.

The following lemma states that if Q,
j,t(x, a) <∞, then it is “close” to Q∗t (x, a).

Lemma 4 ∀(x, a, t) and ∀j = 0, 1, · · · , if Q,
j,t(x, a) <∞, then

|Q,
j,t(x, a)−Q∗t (x, a)| ≤ 2ρ(H − t). (2.8)

Please refer to the appendix for the detailed proof of Lemma 4. Based on this lemma,
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we have the following result:

Lemma 5 ∀j = 0, 1, · · · , if Q,
j,t(xj,t, aj,t) < ∞ for any t = 0, 1, · · · , H − 1, then we

have

V ∗0 (xj,0)−R(j) ≤ 2ρH(H + 1) = O
(
ρH2

)
. (2.9)

Furthermore, if the conditions of Proposition 1 hold, then we have V ∗0 (xj,0)− R(j) ≤
6ρH = O(ρH).

Please refer to the appendix for the detailed proof of Lemma 5. Obviously, Proposition

1 directly follows from Lemma 5.

For any j = 0, 1, · · · , we define t∗j as the last period t in episode j s.t. Q,
j,t(xj,t, aj,t) =

∞. If Q,
j,t(xj,t, aj,t) < ∞ for all t = 0, 1, · · · , H − 1, we define t∗j = NULL. We then

have the following lemma:

Lemma 6 ∀j = 0, 1, · · · , if t∗j 6= NULL, then ∀j′ ≤ j, Q,
j′,t∗j

(xj,t∗j , aj,t∗j ) = ∞,

and ∀j′ > j, Q,
j′,t∗j

(xj,t∗j , aj,t∗j ) < ∞ (Exploration). Otherwise, if t∗j = NULL, then

V ∗0 (xj,0)−R(j) ≤ 2ρH(H+1) (Exploitation). Furthermore,
∑∞

j=0 1[t∗j 6= NULL] ≤ K,

where K is the number of partitions.

Again, please refer to the appendix for the proof of Lemma 6. Note that Theorem 3

directly follows from Lemma 6.

2.6 Computational Efficiency of Optimistic Con-

straint Propagation

We now briefly discuss the computational complexity of OCP. As typical in the com-

plexity analysis of optimization algorithms, we assume that basic operations include

the arithmetic operations, comparisons, and assignment, and measure computational

complexity in terms of the number of basic operations (henceforth referred to as

operations) per period.



34 CHAPTER 2. EFFICIENT RL IN EPISODIC DETERMINISTIC SYSTEMS

First, it is worth pointing out that for a general hypothesis class Q and general

action space A, the per period computations of OCP can be intractable. This is

because:

• Computing supQ∈QC Qt(xj,t, a), Uj,t and Lj,t requires solving a possibly intractable

optimization problems.

• Selecting an action that maximizes supQ∈QC Qt(xj,t, a) can be intractable.

Further, the number of constraints in C, and with it the number of operations per

period, can grow over time.

However, if |A| is tractably small and Q has some special structures (e.g. Q is

a finite set or a linear subspace or, more generally a polytope), then by discarding

some “redundant” constraints in C, OCP with a variant of Algorithm 1 will be com-

putationally efficient, and the sample efficiency results developed in Section 2.5 will

still hold. In this section, we discuss the scenario where Q is a polytope of dimension

d. Note that the finite state/action tabula rasa case, the linear-quadratic case, and

the case with linear combinations of disjoint indicator functions are all special cases

of this scenario.

Specifically, if Q is a polytope of dimension d (i.e., within a d-dimensional sub-

space), then any Q ∈ Q can be represented by a weight vector θ ∈ <d, and Q can be

characterized by a set of linear inequalities of θ. Furthermore, the new constraints

of the form Lj,t ≤ Qt(xj,t, aj,t) ≤ Uj,t are also linear inequalities of θ. Hence, in each

episode, QC is characterized by a polyhedron in <d, and supQ∈QC Qt(xj,t, a), Uj,t and

Lj,t can be computed by solving linear programming (LP) problems. If we assume

that each observed numerical value can be encoded by B bits, and LPs are solved by

Karmarkar’s algorithm [25], then the following proposition bounds the computational

complexity.

Proposition 2 If Q is a polytope of dimension d, each numerical value in the prob-

lem data or observed in the course of learning can be represented with B bits, and

OCP uses Karmarkar’s algorithm to solve linear programs, then the computational

complexity of OCP is O ([|A|+ |C|] |C|d4.5B) operations per period.
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Proof: Note that OCP needs to perform the following computation in one period:

1. Construct QC by constraint selection algorithm. This requires sorting |C| con-

straints by comparing their upper bounds and positions in the sequence (with

O (|C| log |C|) operations), and checking whetherQC∩Cτ 6= ∅ for |C| times. Note

that checking whether QC ∩ Cτ 6= ∅ requires solving an LP feasibility problem

with d variables and O (|C|) constraints.

2. Choose action aj,t. Note that supQ∈QC Qt(xj,t, a) can be computed by solving an

LP with d variables and O (|C|) constraints, thus aj,t can be derived by solving

|A| such LPs.

3. Compute the new constraint Lj,t ≤ Qt(xj,t, aj,t) ≤ Uj,t. Note Uj,t can be com-

puted by solving |A| LPs with d variables and O (|C|) constraints, and Lj,t can

be computed by solving one LP with d variables and O (|C|+ |A|) constraints.

If we assume that each observed numerical value can be encoded by B bits, and use

Karmarkar’s algorithm to solve LPs, then for an LP with d variables and m con-

straints, the number of bits input to Karmarkar’s algorithm is O (mdB), and hence it

requires O (mBd4.5) operations to solve the LP. Thus, the computational complexities

for the first, second, third steps are O (|C|2d4.5B), O (|A||C|d4.5B) and O (|A||C|d4.5B),

respectively. Hence, the computational complexity of OCP is O ([|A|+ |C|] |C|d4.5B)

operations per period. q.e.d.

Notice that the computational complexity is polynomial in d, B, |C| and |A|,
and thus, OCP will be computationally efficient if all these parameters are tractably

small. Note that the bound in Proposition 2 is a worst-case bound, and the O(d4.5)

term is incurred by the need to solve LPs. For some special cases, the computational

complexity is much less. For instance, in the state aggregation case, the computational

complexity is O (|C|+ |A|+ d) operations per period.

As we have discussed above, one can ensure that |C| remains bounded by using

variants of Algorithm 1 that discard the redundant constraints and/or update QC
more efficiently. Specifically, it is straightforward to design such constraint selection
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algorithms if Q is a coherent hypothesis class, or if Q is the span of pre-specified indi-

cator functions over disjoint sets. Furthermore, if the notion of redundant constraints

is properly defined, the sample efficiency results derived in Section 2.5 will still hold.



Chapter 3

Efficient Reinforcement Learning

with Finite Hypothesis Class

3.1 Overview

In this chapter, we consider an RL problem in which an agent repeatedly interacts

with a finite-horizon MDP, and has prior knowledge that the true value function Q∗

is “close” to a known finite hypothesis class Q. We reformulate this RL problem as

an MAB problem, and propose a provably efficient RL algorithm based on an existing

MAB algorithm. The sample complexity of our proposed algorithm is independent

of state and action space cardinalities, and polynomial in other problem parameters.

This chapter is closely related to [29], which considers the case where the true

environment is known to belong to a finite or compact class of models. The major

difference between this chapter and [29] is that we consider value function generaliza-

tion rather than model generalization. Thus, as we have discussed in Chapter 1, in our

proposed algorithm, decisions can be made without solving a potentially intractable

DP. Moreover, in this chapter, we do not require the true value function Q∗ lies in the

provided hypothesis class Q; instead, our proposed algorithm addresses the agnostic

learning case when Q∗ /∈ Q, and Q can be an arbitrary finite hypothesis class. As

we will detail in Section 3.3, the choice of Q affects both the sample complexity and

computational complexity of our proposed algorithm.

37
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The remainder of this chapter proceeds as follows. In Section 3.2, we briefly review

the RL in episodic MDPs, and in Section 3.3, we present the MAB formulation and

our proposed efficient RL algorithm. The notations in this chapter are summarized

in Table 3.1.

Notation Definition
M Finite-horizon MDP
S State space of the finite-horizon MDP
A Action space of the finite-horizon MDP
H Time horizon of the finite-horizon MDP
P Transition kernel of the finite-horizon MDP
R Reward distributions of the finite-horizon MDP
π Distribution of the initial state
h Index of period in an episode
i, j Index of episode
µ Policy
V µ State value function under policy µ
V ∗ Optimal state value function
µ∗ Optimal policy
Q∗ Action-contingent optimal value function
R(i) Realized reward in episode i

Regret(j) Expected cumulative regret over the first j episodes
Q Finite hypothesis class
ρ Distance between Q∗ and Q, in infinity norm

Q̃ Projection of Q∗ on Q, in infinity norm
µQ Policy greedy to Q

Table 3.1: Notation for Chapter 3

3.2 Reinforcement Learning in Episodic MDP

In this chapter, we consider a reinforcement learning (RL) problem in which an agent

interacts with a discrete-time finite-horizon Markov decision process (MDP) over a

sequence of episodes. The MDP is identified by a sextuple M = (S,A, H, P,R, π),

where S is a state space, A is an action space, H is the horizon length, P encodes
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transition probabilities, R encodes reward distributions, and π is a probability dis-

tribution over S. In each episode, the initial state x0 is independently sampled from

π. Furthermore, in period h = 0, 1, · · · , H − 1, if the state is xh and an action ah is

selected then a subsequent state xh+1 is sampled from P (·|xh, ah) and a reward rh is

sampled from R (·|xh, ah, xh+1). The episode terminates at the end of period H − 1,

after which a new episode begins.

Similar to the deterministic case described in Chapter 2, to represent the history of

actions and observations over multiple episodes, we will often index variables by both

episode and period. For example, xih, aih and rih respectively denote the state, action,

and reward observed during period h in episode i1. As we have mentioned before, the

initial state of episode i, xi0, is independently sampled from π. The duration over

which the agent has operated up to the beginning of period h of episode i is iH + h.

A policy µ = (µ0, µ1, · · · , µH−1) is a sequence of functions, each mapping S to

A. For each policy µ, we define a value function V µ
h (x) = E

[∑H−1
τ=h rτ

∣∣∣xh = x, µ
]
,

where xτ+1 ∼ P (·|xτ , aτ ), rτ ∼ R (·|xτ , aτ , xτ+1), xh = x, and aτ = µτ (xτ ). The

optimal value function is defined by V ∗h (x) = supµ V
µ
h (x) for all h = 0, 1, · · · , H − 1.

A policy µ∗ is said to be optimal if V µ∗ = V ∗. Throughout this chapter, we will

restrict attention to MDPs with finite state and action spaces. Such MDPs always

admit optimal policies.

It is also useful to define an action-contingent optimal value function:

Q∗h(x, a) =

{
E
[
rh + V ∗h+1(xh+1)

∣∣xh = x, ah = a
]

if h < H − 1

E [rh|xh = x, ah = a] if h = H − 1
(3.1)

where xh+1 ∼ P (·|xh, ah) and rh ∼ R (·|xh, ah, xh+1). Then, a policy µ∗ is optimal if

and only if

µ∗h(x) ∈ arg max
α∈A

Q∗h(x, α) ∀x, h.

A reinforcement learning algorithm generates each action aih based on observations

made up to period h of the episode i, including all states, actions, and rewards

observed in previous episodes and earlier in the current episode, as well as the state

1If necessary, we use a comma to separate the episode-subscript and the period-subscript.
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space S, action space A, horizon H, and possible prior information. In each episode,

the algorithm realizes reward R(i) =
∑H−1

h=0 rih. Note that E
[
R(i)

∣∣xi0] ≤ V ∗0 (xi0) for

all i. One way to quantify the performance of a reinforcement learning algorithm is

in terms of the expected cumulative regret over j episodes, defined by

Regret(j) =

j−1∑
i=0

Exi0∼π
[
V ∗0 (xi0)−R(i)

]
. (3.2)

To simplify the exposition, in this chapter, we assume that the rewards are deter-

ministic and do not depend on xh+1. That is, in each period h = 0, 1, · · · , H−1, if the

state is xh and action ah is selected, then a deterministic reward rh = R(xh, ah) ∈ <
is received. Since in this chapter we also restrict attention to MDPs with finite state

and action spaces, this further implies that the rewards are bounded. We use R to

denote an upper bound on the maximum magnitude of the rewards, i.e.

max
(x,a)∈S×A

|R(x, a)| ≤ R. (3.3)

It is worth pointing out that this assumption can be easily relaxed, and all the analysis

in this chapter can be extended to the cases when there exist sub-Gaussian reward

noises.

3.3 MAB Formulation and Efficient Reinforcement

Learning Algorithm

In this chapter, we consider the scenario in which the agent has prior knowledge that

the action-contingent optimal value function Q∗ is “close” to a finite hypothesis class

Q =
{
Q(1), Q(2), · · · , Q(K)

}
. (3.4)

We use ρ to denote the distance between hypothesis class Q and Q∗, in infinity norm,

ρ = min
Q∈Q
‖Q∗ −Q‖∞ = min

Q∈Q
max
(x,a,t)

|Qt(x, a)−Q∗t (x, a)| . (3.5)
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We also use Q̃ to denote an arbitrary function Q ∈ Q that achieves this minimum,

i.e.

Q̃ ∈ arg min
Q∈Q

‖Q−Q∗‖∞. (3.6)

Recall that in this chapter, we assume that xi0 is independently sampled from a fixed

probability distribution π over S. As we will discuss below, under this assumption, we

can reformulate the RL problem as a multi-armed bandit (MAB) problem, and derive

provably efficient RL algorithms based on existing provably efficient MAB algorithms

(see, e.g., [28], [2], [39], [14] and references therein).

Specifically, for any function Q : S × A × {0, 1, · · · , H − 1} → <, we use µQ to

denote a policy greedy to Q, that is

µQ,h(x) ∈ arg max
a∈A

Qh(x, a), ∀(x, h) (3.7)

If there are multiple policies greedy to Q, then µQ can be chosen as an arbitrary policy

satisfying Eqn(3.7). Consequently, the finite hypothesis class defined in Eqn(3.4)

corresponds to K policies µQ(1) , · · · , µQ(K) . To simplify the exposition, we use µk to

denote µQ(k) in the remainder of this section. Since xi0 ∼ π, ∀i = 0, 1, · · · , each policy

µk corresponds to a fixed value (expected total reward) Ex0∼π [V µk
0 (x0)]. Furthermore,

we define

k∗ ∈ arg max
k=1,··· ,K

Ex0∼π [V µk
0 (x0)] ,

that is, Ex0∼π [V µk∗
0 (x0)] is the highest value achieved by the finite hypothesis class

Q.

The following lemma formalizes the result that if Q∗ is “close” to the hypothesis

class Q, then the performance loss of Q, which is defined as

Ex0∼π [V ∗0 (x0)]− Ex0∼π [V µk∗
0 (x0)] = Ex0∼π [V ∗0 (x0)]−max

k
Ex0∼π [V µk

0 (x0)] ,

is also small.
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Lemma 7 With ρ defined in Eqn(3.5) and Q̃ defined in Eqn(3.6), we have

Ex0∼π [V µk∗
0 (x0)] ≥ Ex0∼π

[
V
µQ̃
0 (x0)

]
≥ Ex0∼π [V ∗0 (x0)]− 2ρH.

Please refer to the appendix for the proof of Lemma 7.

From Lemma 7, we see that if ρ is small, then a near-optimal policy can be

derived by finding the best policy among µ1, · · · , µK . Since the initial state x0 of the

episodic MDP M is sampled from π, then if a policy µ is applied in episode i, then

R(i), the realized total reward in episode i, is an unbiased estimate of Ex0∼π [V µ
0 (x0)].

Furthermore, R(i) is bounded and −RH ≤ R(i) ≤ RH.

Consequently, we can reformulate the RL problem in this case as an MAB problem

with K “arms”, where the kth arm of the bandit is policy µk. Notice that the reward

of the kth arm is bounded by RH in magnitude, with mean Ex0∼π [V µk
0 (x0)].

Many statistically efficient algorithms have been proposed for such MAB problems

(see [28], [2], [39], [14] and references therein), and each efficient MAB algorithm will

lead to an efficient RL algorithm in this case. In this section, we present one of such

algorithms, which is based on the UCB1 algorithm proposed in [2].

The RL algorithm is presented in Algorithm 4, where Ṽk is the average reward

obtained from policy µk (arm k), and lk is the number of times policy µk has been

applied so far. This algorithm consists of two phases. In the first phase (from episode

0 to episode K − 1), each policy µk is applied once and we use the observed realized

rewards R(i)’s to initialize Ṽk’s. In the second phase (from episode K on), the applied

policy µk̃ is selected based on the optimism in the face of uncertainty (OFU) principle,

and is greedy to the upper confidence bounds

Ṽk + 2RH

√
2 log(i)

lk
∀k = 1, · · · , K.

Notice that the upper confidence radius 2RH
√

2 log(i)
lk

follows from [2], and is based

on Hoeffding’s inequality. It is worth pointing out that there is no need to explicitly
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compute and store µk’s, instead, when applying µk, the algorithm only needs to choose

actions greedy to Q(k), with a fixed tie-breaking rule. Hence, if both K and |A| are

tractably small, then Algorithm 4 is computationally efficient.

Algorithm 4 UCB Based RL Algorithm

Require: S, A, H, R and finite hypothesis class Q with |Q| = K
for episode i = 0, 1, · · · , K − 1 do

Apply policy µi+1 in episode i
Initialize Ṽi+1 ← R(i), and li+1 ← 1

end for
for episode i = K,K + 1, · · · do

Choose

k̃ ∈ arg max
k

Ṽk + 2RH

√
2 log(i)

lk


Apply policy µk̃ in episode i, and observe R(i)

Update

Ṽk̃ ←
lk̃

lk̃ + 1
Ṽk̃ +

1

lk̃ + 1
R(i)

lk̃ ← lk̃ + 1

end for

Based on Lemma 7, and following the regret analysis in [2], we can derive the

following regret bound:

Theorem 4 For any episodic MDP M = (S,A, H, P,R, π) with finite S and A and

deterministic rewards, if Algorithm 4 is applied with a finite hypothesis class Q, then

for any j > K, we have

Regret(j) ≤ 2ρHj + 8RH
√
Kj log(j), (3.8)

where ρ is defined in Eqn(3.5), R is defined in Eqn(3.3), and K = |Q|.

Roughly speaking, Theorem 4 is proved as follows. First, we can decompose Regret(j)



44 CHAPTER 3. EFFICIENT RL WITH FINITE HYPOTHESIS CLASS

into two terms

Regret(j) = (Ex0∼π [V ∗0 (x0)]− Ex0∼π [V µk∗
0 (x0)]) j+

j−1∑
i=0

{
Ex0∼π [V µk∗

0 (x0)]− E
[
R(i)

]}
.

From Lemma 7, the first term is bounded by 2ρHj; and following the analysis in

[2], the second term is bounded by 8RH
√
Kj log(j) under Algorithm 4. Please refer

to the appendix for the proof of Theorem 4. Since we are primarily interested in

the dependence of this regret bound on j, the number of episodes, we refer to the

first term 2ρHj as the “linear term”, and the second term 8RH
√
Kj log(j) as the

“sublinear term”.

We now briefly discuss this regret bound. First, notice that this regret bound is

independent of |S| and |A|, and linear in other parameters (i.e. j, ρ, H, R,
√
K).

Second, note that the coefficient of the linear term is

2ρH = 2H min
Q∈Q
‖Q∗ −Q‖∞.

Hence, the linear term will be small if Q is close to Q∗, and will be 0 if Q∗ ∈ Q (the

coherent learning case). Finally, notice that the expected average regret in the first j

episodes is

1

j
Regret(j) ≤ 2ρH + 8RH

√
K log(j)

j
.

Thus we have2 limj→∞
1
j
Regret(j) ≤ 2ρH, hence 2ρH is a bound on the asymptotic

expected average regret. On the other hand, 8RH
√
K can be viewed as a measure on

sample complexity, since it determines how large j needs to be to ensure 8RH
√

K log(j)
j

is acceptably small.

In this section, we make the simplifying assumptions that the episodic MDP M
has finite state and action spaces and deterministic rewards. It is worth pointing out

that both assumptions can be relaxed. Specifically, based on existing results in the

field of MAB (see, e.g. [14]), we can derive a provably efficient RL algorithm as long

2Notice that the limit exists, since with probability 1, Algorithm 4 eventually learns to apply
µk∗ .
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as the following conditions hold:

1. The expected rewards at all the state-action-state triple (x, a, y)’s are bounded.

That is, there exists R ≥ 0 s.t.

|E [R(·|x, a, y)]| ≤ R ∀(x, a, y) ∈ S ×A× S.

2. The reward noises

R(·|x, a, y)− E [R(·|x, a, y)]

at all the state-action-state triple (x, a, y)’s are sub-Gaussian.

Notice that these new conditions no longer require the state and action spaces are

finite.



Chapter 4

Randomized Least-Squares Value

Iteration

4.1 Overview

As we have discussed in Chapter 1, an important challenge that remains is to de-

sign statistically and computationally efficient reinforcement learning (RL) algorithms

that simultaneously generalize, explore, and learn from delayed consequences. In this

chapter, we aim to make progress on this front. Similarly with the substantial value-

based RL literature (see literature review in Chapter 1), we focus on an approach that

generalizes through modeling the state-action value function as a linear combination

of pre-selected basis functions. What distinguishes our approach from the pre-existing

value function generalization literature is in how the agent explores. In particular,

we consider incentivizing exploring through randomly perturbing value functions. As

a specific algorithm of this kind, we propose randomized least-squares value iteration

(RLSVI). This algorithm fits value functions using randomly perturbed version of

least-squares value iteration and selects actions that are greedy with respect to these

value functions.

To put RLSVI, our proposed exploration scheme, in perspective, it is also useful to

review existing work on exploration schemes that randomly perturb value functions.

It is worth pointing out that for multi-armed bandit (MAB) problems, which can be

46
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considered as very special cases of RL problems, which are restricted to have a sin-

gle state, Thompson sampling constitutes such an exploration scheme (see [45],[55]).

Recent work [39] has established efficiency guarantees in this context and may serve

as a stepping stone toward the analysis of RLSVI. Another related line of work [18]

proposes Q-value sampling, a Bayesian exploration scheme with randomized value

functions. The idea of Q-value sampling is to first sample state-action values (Q-

values) based on the agent’s posterior beliefs, and then select actions greedy with

respect to the sampled state-action values. This is equivalent to sampling actions

according to the posterior probability that they are optimal. This work does not,

however, offer an approach to generalization. Furthermore, as the authors point out,

certain assumptions (e.g. Assumption 4) in that paper are likely to be violated in

practice. To the best of our knowledge, RLSVI is the first exploration scheme that

randomly perturbs value functions for general RL problems with value function gen-

eralization.

On the other hand, the use of least-squares value iteration, however, is quite

common to the RL literature. For example, it is commonly applied in conjunction

with Boltzmann or ε-greedy exploration. We will explain in this chapter why these

forms of exploration can lead to highly inefficient learning. We will also present

computational results that demonstrate dramatic efficiency gains enjoyed by RLSVI

relative to these alternatives.

As we have mentioned before, RL algorithms are often used to approximate solu-

tions to large-scale dynamic programs. Thus, our algorithm and results also serve as

contributions to dynamic programming (DP) and approximate dynamic programming

(ADP).

The remainder of this chapter is organized as follows. We explain in Section 4.2

why Boltzmann and ε-greedy exploration can be highly inefficient. Next, in Section

4.3, we motivate and describe RLSVI. Experimental results are presented in Section

4.4. The version of RLSVI presented in Section 4.3, which serves as the subject of

our experiments, is designed for episodic learning in a finite-horizon MDP. In Section

4.5, we present a variation of RLSVI that addresses continual learning in an infinite-

horizon discounted MDP.
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The notations in this chapter are summarized in Table 4.1.

Notation Definition
M MDP
S State space of the MDP
A Action space of the MDP
H Time horizon of the finite-horizon MDP
γ Discount factor of the infinite-horizon MDP
P Transition kernel of the MDP
R Reward distributions of the MDP
π Distribution of the initial state
h Index of period in an episode
i, j Index of episode
µ Policy
V µ State value function under policy µ
V ∗ Optimal state value function
µ∗ Optimal policy
Q∗ Action-contingent optimal value function
R(i) Realized reward in episode i

Regret(j) Expected cumulative regret over the first j episodes
Φh, Φ Generalization matrix
K Number of basis functions

θ, θ̂ Coefficient vectors
λ Regularization parameter in LSVI and RLSVI
ε Exploration parameter in ε-greedy exploration
η Exploration parameter in Boltzmann exploration
σ Exploration parameter in randomized value function exploration

Table 4.1: Notation for Chapter 4

4.2 Randomized Actions

We first consider a reinforcement learning (RL) problem in which an agent interacts

with a discrete-time finite-horizon Markov decision process (MDP) over a sequence of

episodes. Please refer to Section 3.2 for the formulation of such RL problems. Notice

that in this chapter, we do not assume that the rewards are deterministic. That is,

in period h = 0, 1, · · · , H − 1, if the state is xh and an action ah is selected, then a
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subsequent state xh+1 is sampled from P (·|xh, ah) and a reward rh is sampled from

R (·|xh, ah, xh+1).

Reinforcement learning algorithms we consider in this chapter will be based on

least-squares value iteration (LSVI). LSVI – as presented below as Algorithm 51

– can be applied by the agent at the beginning of each episode to estimate the

optimal value function Q∗ from data gathered over previous episodes as well as prior

knowledge encoded in terms of generalization matrices and a regularization parameter

λ. The algorithm iterates backwards over time periods in the planning horizon, in

each iteration fitting a value function to the sum of immediate rewards and value

estimates of the next period. Each value function is fitted via least-squares: note

that vectors θjh satisfy

θjh ∈ arg min
ζ∈<K

(
‖Aζ − b‖2 + λ‖ζ‖2

)
.

Algorithm 5 Least-Squares Value Iteration

Input: Φ0, . . . , ΦH−1 ∈ <|S||A|×K , λ ∈ <++, {(xih, aih, rih) : i < j, h = 0, . . . , H − 1}
Output: θj0, . . . , θj,H−1

1: θjH ← 0, ΦH ← 0
2: for h = H − 1, . . . , 1, 0 do
3: Generate regression matrix and vector

A←

 Φh(x0h, a0h)
...

Φh(xj−1,h, aj−1,h)

 b←


r0,h + max

α∈A
(Φh+1θj,h+1) (x0,h+1, α)

...
rj−1,h + max

α∈A
(Φh+1θj,h+1) (xj−1,h+1, α)


4: Estimate value function

θjh ← (A>A+ λI)−1A>b

5: end for

To fully specify a reinforcement learning algorithm, we must describe how the

1Notice that in Algorithm 5, when j = 0, matrix A and vector b are empty. In this case, we
simply set θj0 = θj1 = · · · = θj,H−1 = 0.
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agent selects actions. Let us consider in this section algorithms that, during each

episode, select actions that are nearly greedy with respect to value estimates, dif-

fering from greedy behavior only due to random perturbations. The form of these

random perturbations is governed by an exploration scheme. We consider two popular

exploration schemes: Boltzmann exploration and ε-greedy exploration (see, e.g., [36]).

Reinforcement learning algorithms produced by synthesizing each of these schemes

with LSVI are presented as Algorithms 6 and 7. Note that the “temperature” pa-

rameters η in Boltzmann exploration and ε in ε-greedy exploration control the degree

to which random perturbations distort greedy actions.

Algorithm 6 LSVI with Boltzmann exploration

Input: Φ0, . . . , ΦH−1 ∈ <|S||A|×K , λ ∈ <++, η ∈ <+

1: for j = 0, 1, · · · do
2: Compute θj0, . . . , θj,H−1 based on Algorithm 5
3: Observe xj0
4: for h = 0, 1, . . . , H − 1 do
5: Sample ajh ∼ exp [(Φhθjh)(xjh, a)/η]
6: Observe rjh and xj,h+1

7: end for
8: end for

Algorithm 7 LSVI with ε-greedy exploration

Input: Φ0, . . . , ΦH−1 ∈ <|S||A|×K , λ ∈ <++, ε ∈ [0, 1]

1: for j = 0, 1, . . . do
2: Compute θj0, . . . , θj,H−1 using Algorithm 5
3: Observe xj0
4: for h = 0, 1, · · · , H − 1 do
5: Sample ξ ∼ Bernoulli(ε)
6: if ξ = 1 then
7: Sample ajh ∼ unif(A)
8: else
9: Sample ajh ∼ unif (arg maxα∈A(Φtθjh)(xjh, α))
10: end if
11: Observe rjh and xj,h+1

12: end for
13: end for
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x=0	
   x=1	
   x=2	
   x=3	
   x=N-­‐2	
   x=N-­‐1	
  

Figure 4.1: MDP for which Boltzmann/ε-greedy exploration is inefficient.

Unfortunately, both reinforcement learning algorithms we have described exhibit

worst-case regret that grows exponentially in H and/or |S|. More intelligent explo-

ration schemes are necessary to achieve polynomial regret, even in the case of tabula

rasa learning, in which each Φh is an identity matrix and, therefore, the agent does not

generalize across state-action pairs. In the remainder of this section, we provide an

example for which LSVI with Boltzmann exploration or ε-greedy exploration require

exponentially many episodes to learn an optimal policy, even in a coherent learning

context with a small number of basis functions.

Example 2 Consider the MDP illustrated in Figure 4.1. Each node represents a

state, and each arrow corresponds to a possible state transition. The state space is

S = {0, 1, · · · , N − 1} and the action space is A =
{
a(1), a(2)

}
. If the agent takes

action a(1) at state x = 0, 1, · · · , N − 2 (the red nodes), the the state transitions

to y = [x − 1]+. On the other hand, if the agent takes action a(2) at state x =

0, 1, · · · , N − 2, the state transitions to y = x + 1. State N − 1 (the green node) is

absorbing. We assume a reward of 0 is realized upon any transition from a red node

and a reward of 1 is realized upon any transition from the green node. We take the

horizon H to be equal to the number of states N . The initial state in any episode is

0.

Suppose we apply LSVI with either Boltzmann or ε-greedy exploration. Let i∗ be

the first episode during which state N−1 is visited. It is easy to see that θjh = 0 for all

h and all i < i∗. Furthermore, with either exploration scheme, actions are sampled

uniformly at random over episodes i < i∗. Thus, in any episode i < i∗, the green

node will be reached if and only if the algorithm samples a(2) consecutively in periods

t = 0, 1, · · · , H − 2. The probability of this event is 2−(H−1) = 2−(N−1) = 2−(|S|−1).

It follows that E[i∗] ≥ 2|S|−1. Further, since the optimal expected value over each
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episode is 1 and the realized reward over each episode i < i∗ is 0, it follows that

Regret(j) ≥
j−1∑
i=0

Pr(i < i∗)

=

j−1∑
i=0

(
1− 2−(|S|−1)

)i+1

=
(
2|S|−1 − 1

) (
1−

[
1− 2−(|S|−1)

]j)
. (4.1)

Further,

lim inf
j→∞

Regret(j) ≥ 2|S|−1 − 1.

This example establishes that regret realized by LSVI with Boltzmann or ε-greedy

exploration can grow exponentially in the number of states. This is far from what

one would hope for, which is regret that is independent of the number of states and

instead a low-order polynomial in the number of basis functions. Note that the lower

bound established for this example applies to both coherent and agnostic learning for

any choice of the generalization matrices Φ0, . . . , ΦH−1, any regularization parameter

λ > 0, and any temperature parameter η ≥ 0 or ε ∈ [0, 1].

4.3 Randomized Value Functions

RL algorithms of the previous section explore through randomly perturbing greedy

actions. We now consider an alternative approach to exploration that involves ran-

domly perturbing value functions rather than actions. As a specific scheme of this

kind, we propose randomized least-squares value iteration (RLSVI), which we present

as Algorithm 8.2

To obtain an RL algorithm, we simply select greedy actions in each episode, as

specified in Algorithm 9. Note that RLSVI randomly perturbs value estimates in

directions of significant uncertainty to incentivize exploration. This approach relates

2Similarly as in Algorithm 5, when j = 0, we set θ̂j0 = θ̂j1 = · · · = θ̂j,H−1 = 0.



4.4. EXPERIMENTAL RESULTS 53

Algorithm 8 Randomized Least-Squares Value Iteration

Input: Φ0, . . . , ΦH−1 ∈ <|S||A|×K , σ ∈ <++, λ ∈ <++, {(xih, aih, rih) : i < j, h =
0, . . . , H − 1}
Output: θ̂j0, . . . , θ̂j,H−1

1: θ̂jH ← 0, ΦH ← 0
2: for h = H − 1, . . . , 1, 0 do
3: Generate regression matrix and vector

A←

 Φh(x0h, a0h)
...

Φh(xj−1,h, aj−1,h)

 b←


r0,h + max

α∈A

(
Φh+1θ̂j,h+1

)
(x0,h+1, α)

...

rj−1,h + max
α∈A

(
Φh+1θ̂j,h+1

)
(xj−1,h+1, α)


4: Estimate value function

θjh ← (A>A+ λσ2I)−1A>b Σjh ←
(

1

σ2
A>A+ λI

)−1
5: Sample θ̂jh ∼ N(θjh, Σjh)
6: end for

to Thompson sampling (see, e.g., [45, 39]). We conjecture that Algorithm 9 is sta-

tistically efficient in the sense that for any j, Regret(j) is bounded by a low-order

polynomial function of K and H. Further, it is easy to see that this RL algorithm is

computationally efficient in the sense that the computational requirements per time

period can be bounded by a low-order polynomial function of K, H, and |A|.

4.4 Experimental Results

In this section, we report results of applying RLSVI to Example 2, with N = |S| =

H = 50. We consider both coherent and agnostic learning contexts. Our results

demonstrate dramatic efficiency gains relative to LSVI with Boltzmann or ε-greedy

exploration. The results also illustrate how performance depends on the number of

basis functions, algorithm parameters, and, in the agnostic case, the distance between

the optimal value function and the span of the basis functions.
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Algorithm 9 RLSVI with Greedy Action

Input: Φ0, . . . , ΦH−1 ∈ <|S||A|×K , σ ∈ <++, λ ∈ <++

1: for j = 0, 1, · · · do
2: Compute θ̂j0, . . . , θ̂j,H−1 using Algorithm 8
3: Observe xj0
4: for h = 0, · · · , H − 1 do

5: Sample ajh ∼ unif
(

arg maxα∈A

(
Φhθ̂jh

)
(xjh, α)

)
6: Observe rjh and xj,h+1

7: end for
8: end for

To estimate the performance of RLSVI, we average the computation results over

M = 200 independent simulations, each over j = 400 episodes. Based on data

produced from these simulations, we compute for each ith episode an estimate of the

episode regret

∆̂(i) = V ∗0 (xi0)−
1

M

M∑
m=1

R(mi),

where R(mi) is the reward realized over the ith episode of the mth simulation.

Each of the M independent simulations is of the same MDP. If we also used the

same basis functions and algorithm parameters in each case, the accumulation

j−1∑
i=0

(
V ∗0 (xi0)−

1

M

M∑
m=1

R(mi)

)

of our episode regret estimates would be an unbiased and consistent estimator of

Regret(j). However, so that our results do not depend on a specific selection of basis

functions, we will randomly sample a separate set of basis functions for each of the

M simulations, using a sampling scheme that we will describe later.

As discussed in Section 4.2, for the MDP under consideration with any choice of

basis functions and algorithm parameters, LSVI with either Boltzmann exploration

or ε-greedy exploration, Regret(400) ≥ 400 − 6.82 × 10−13 ≈ 400. This implies that

the episode regret is approximately 1 for each of the first 400 episodes. This level of

performance offered by the alternative algorithms will serve as baseline as we assess
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performance of RLSVI.

4.4.1 Coherent Learning

In the coherent learning case, Q∗h ∈ span [Φh] for each period h. Recall that we use φhk

to denote the kth basis function, which is the kth column of Φh. Each set of M = 200

simulations that we carry out to obtain estimates of episode regret is conducted in a

manner specified by Algorithm 10

Algorithm 10 Coherent Learning Simulation

Input: K ∈ Z++, σ ∈ <++, λ ∈ <++, j ∈ Z++, M ∈ Z++

Output: ∆̂(0), . . . , ∆̂(j − 1)

for m = 1, . . . ,M do
for h = 0, . . . , H − 1 do

for k = 1, . . . , K do
switch (k)
case 1:
φhk ← Q∗h

case 2:
φhk ← 1

default:
Sample φhk ∼ N(0, I)

end switch
end for

end for
Simulate RLSVI over j episodes; observe episode rewards R(m0), . . . , R(m,j−1)

end for
for i = 0, 1, · · · , j − 1 do
∆̂(i) = V ∗0 (xi0)− 1

M

∑M
m=1R

(mi)

end for

We first demonstrate how the experimental results vary with K, the number of

basis functions. Here, we let λ = 1, σ2 = 10−3, j = 400, M = 200, and K =

2, 5, 10, 20. Resulting estimates of episode regret are plotted in Figure 4.2. These

results demonstrate that with up to 20 basis functions RLSVI with λ = 1 and σ2 =

10−3 generally takes less than 250 episodes to learn the optimal policy. This represents

a dramatic efficiency gain relative to LSVI with Boltzmann or ε-greedy exploration,
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each of which would take more than 5.63 × 1014 episodes. The results also indicate

that larger values of K call for longer learning times and larger cumulative regret.

This makes sense since larger K implies weaker prior knowledge and therefore a more

to learn.
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Figure 4.2: Episode regret estimates for various numbers of basis functions.

Next, we examine how results vary with the algorithm parameters λ and σ2.

Figure 4.3 plots results from simulations with K = 20, λ = 1, M = 200, j = 400, and

σ2 = 10−12, 3.5 × 10−12, 10−9, 10−6, 10−4, 10−2, 1. These results demonstrate that for

the values of σ2 considered from 10−9 to 10−4, RLSVI generally learns the optimal

policy in around 200 episodes; on the other hand, for values of 10−12, 3.5 × 10−12,

10−2 and 1, RLSVI does not learn the optimal policy within 400 episodes. It makes

sense that large values of σ2 and small values of σ2 lead to a long learning times,

since large values of σ2 induce excessive exploration, while small values of σ2 lead to

insufficient exploration.
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Figure 4.3: Episode regret estimates for various values of σ2.

Figure 4.4 plots results from simulations with K = 20, σ2 = 10−4, M = 200,

j = 400 and λ = 2.5 × 10−8, 10−4, 10−2, 1, 102, 104. These results indicate that for a

wide range of settings for λ, RLSVI generally learns the optimal policy in less than

350 episodes. These results also suggest that large values of λ and small values of

λ result in a long learning time. This makes sense, since large values of λ lead to

over-regularization, which makes basis function weights very small, restricting explo-

ration. On the other hand, small values of λ can give rise to matrices Σjh with large

eigenvalues, which leads to excessive exploration.

4.4.2 Agnostic Learning

Our experiments with agnostic learning are conducted in a manner similar to those of

the coherent learning case. The procedure, specified as Algorithm 11, differs only in its

construction of the basis functions for each time period. Specifically, in the agnostic

learning case, we choose φh1 = 1 and φhk = Q∗h +ρψhk for any k = 2, 3, · · · , K, where

ψhk is sampled independently from N(0, I) and ρ ≥ 0 is a chosen scalar. Note that if
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Figure 4.4: Episode regret estimates for various values of λ.

ρ = 0, this case reduces to a coherent learning case. As ρ grows, the basis functions

are increasingly distorted and the distance between the optimal value function and

the span of the basis functions is likely to grow.

Figure 4.5 plots cumulative regret estimates as a function of ρ, with K = 11,

λ = 1, σ2 = 10−3, M = 200, j = 400 and ρ = 0, 0.01, 0.02, · · · , 0.1. Also plotted is

an upper bound on cumulative regret, which is also approximately equal to the level

of regret realized by LSVI with Boltzmann or ε-greedy exploration. These results

demonstrate that regret grows with ρ, but that regret realized by RLSVI over the

first 400 episodes remains superior to the alternatives for a range of settings.

4.5 RLSVI in Discounted Infinite-Horizon MDPs

In this section, we propose a version of randomized least-squares value iteration

(RLSVI) for reinforcement learning in infinite-horizon discounted MDPs. A dis-

counted MDP is identified by a sextuple M = (S,A, γ, P,R, π), where S is a state
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Algorithm 11 Agnostic Learning Simulation

Input: K ∈ Z++, ρ ∈ <+, σ ∈ <++, λ ∈ <++, j ∈ Z++, M ∈ Z++

Output: ∆̂(0), . . . , ∆̂(j − 1)

for m = 1, . . . ,M do
for h = 0, . . . , H − 1 do

for k = 1, . . . , K do
switch (k)
case 1:
φhk ← 1

default:
Sample ψhk ∼ N(0, I)
φhk ← Q∗h + ρψhk

end switch
end for

end for
Simulate RLSVI over j episodes; observe episode rewards R(m0), . . . , R(m,j−1)

end for
for i = 0, 1, · · · , j − 1 do
∆̂(i) = V ∗0 (xi0)− 1

M

∑M
m=1R

(mi)

end for

space, A is an action space, γ ∈ (0, 1) is the discount factor, P encodes transition

probabilities, R encodes reward distributions, and π is a distribution over S. In each

time t = 0, 1, . . ., if the state is xt and an action at is selected then a subsequent state

xt+1 is sampled from P (·|xt, at) and a reward rt is sampled from R (·|xt, at, xt+1). The

initial state x0 is sampled from π.

A (stationary) policy µ is a function mapping S to A. For each policy µ, we

define a value function V µ(x) = E [
∑∞

τ=0 γ
τrτ |x0 = x, µ], where xτ+1 ∼ P (·|xτ , aτ ),

rτ ∼ R (·|xτ , aτ , xτ+1), x0 = x, and aτ = µ(xτ ). The optimal value function is defined

by V ∗(x) = supµ V
µ(x), and a policy µ∗ is said to be optimal if V µ∗ = V ∗. We

restrict attention to MDPs with finite state and action spaces. Such MDPs always

admit optimal policies. An action-contingent optimal value function is defined by

Q∗(x, a) = E [rt + γV ∗(xt+1)|xt = x, at = a] , (4.2)

where xt+1 ∼ P (·|xt, at) and rt ∼ R (·|xt, at, xt+1). Note that a policy µ∗ is optimal if
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Figure 4.5: Estimate of cumulative regret over 400 episodes as a function of ρ.

and only if

µ∗(x) ∈ arg max
α∈A

Q∗(x, α) ∀x.

Similarly with the episodic case, a reinforcement learning algorithm generates each

action at based on observations made up to time t, including all states, actions, and

rewards observed in previous time steps, as well as the state space S, action space

A, discount factor γ, and possible prior information. The realized discounted reward

from time t on is R(t) =
∑∞

τ=t γ
τ−trτ . Note that E

[
R(t)

∣∣xt] ≤ V ∗(xt) for all t. We

will quantify the performance of a reinforcement learning algorithm in terms of the

expected cumulative regret over the first T time periods, defined by

Regret(T ) =
T−1∑
t=0

E
[
V ∗(xt)−R(t)

]
. (4.3)
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RLSVI for discounted-infinite horizon problems is presented in Algorithm 12. Sim-

ilarly to Algorithm 8, Algorithm 12 randomly perturbs value estimates in directions

of significant uncertainty to incentivize exploration. Note that the random perturba-

tion vectors wt+1 ∼ N(
√

1− γ2wt, γ2Σt+1) are sampled to ensure autocorrelation and

that marginal covariance matrices of consecutive perturbations differ only slightly. In

each period, a greedy action is selected. Avoiding frequent abrupt changes in the

perturbation vector is important as this allows the agent to execute on multi-period

plans to learn new information.

Algorithm 12 Randomized Least-Squares Value Iteration (Discounted MDP)

Input: θ̂t ∈ <K , wt ∈ <K , Φ ∈ <|S||A|×K , σ ∈ <++, λ ∈ <++, γ ∈ (0, 1), {(xτ , aτ , rτ ) :
τ ≤ t}, xt+1

Output: θ̂t+1 ∈ <K , wt+1 ∈ <K

1: Generate regression matrix and vector

A←

 Φ(x0, a0)
...

Φ(xt, at)

 b←


r0 + max

α∈A

(
Φθ̂t

)
(x1, α)

...

rt + max
α∈A

(
Φθ̂t

)
(xt+1, α)


2: Estimate value function

θt+1 ← (A>A+ λσ2I)−1A>b Σt+1 ←
(

1

σ2
A>A+ λI

)−1
3: Sample wt+1 ∼ N(

√
1− γ2wt, γ2Σt+1)

4: Set θ̂t+1 = θt+1 + wt+1
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Algorithm 13 RLSVI with Greedy Action (Discounted MDP)

Input: Φ0, . . . , ΦH−1 ∈ <|S||A|×K , σ ∈ <++, λ ∈ <++, γ ∈
(0, 1)

1: Set θ̂0 = 0 and observe x0
2: for t = 0, 1, · · · do

3: Sample at ∼ unif
(

arg maxα∈A

(
Φθ̂t

)
(xt, α)

)
4: Observe rt and xt+1

5: Compute θ̂t+1 using Algorithm 12
6: end for



Chapter 5

Conclusion and Future Work

Finally, we conclude this dissertation and discuss some possible future work. As we

have discussed in Chapter 1, fueled by modern IT, reinforcement learning (RL) is

becoming increasingly important in a wide variety of applications. However, efficient

RL is nontrivial and requires a carefully designed exploration scheme. One open

issue in this field is to develop efficient RL algorithms that leverage value function

generalization. In this dissertation, we aim to make progress in this direction.

Our contribution is twofold. First, we have developed provably efficient algorithms

for

1. RL in episodic deterministic systems (Chapter 2). Our proposed algorithm, op-

timistic constraint propagation (OCP), is efficient in both the coherent learning

cases with general value function generalization, and the state aggregation case,

a special agnostic learning case.

2. RL in episodic MDPs with a finite hypothesis class (Chapter 3). We reformulate

this RL problem as an MAB problem, and derive an efficient RL algorithm for

this case based on an existing MAB algorithm.

Second, we have proposed randomized least-square value iteration (RLSVI), a prac-

tical algorithm in RL with linear hypothesis class (Chapter 4). To the best of our

knowledge, RLSVI is the first exploration scheme that randomly perturbs value func-

tions for general RL problems with value function generalization, and experiment

63
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results suggest that it is promising.

In the future, we plan to analyze RLSVI and test it extensively. We conjecture

that it is provably statistically efficient, and hope to prove this in the future. We also

plan to test it on practical RL problems, including recommendation systems (under

an RL formulation), device management in smart home, and petroleum reservoir

production optimization discussed in Chapter 1. We also plan to propose a version

of RLSVI for the average reward RL problem.



Appendix A

Proofs

A.1 Eluder Dimension for the Sparse Linear Case

We start by defining some useful terminologies and notations. For any θ ∈ <K , any

l ≤ K and any index set I = {i1, i2, · · · , il} ⊆ {1, 2, · · · , K} with i1 < i2 < · · · < il

and |I| = l ≤ K, we use θI to denote the subvector of θ associated with the index

set I, i.e. θI = [θi1 , θi2 · · · , θil ]
T .

For a sequence of vectors θ(1), θ(2), · · · ∈ <K , we say θ(k) is linearly l-independent

of its predecessors if there exists an index set I with |I| = l s.t. θ
(k)
I is linearly

independent of θ
(1)
I , θ

(2)
I , · · · , θ(k−1)I . Let N = |S||A|, and use ΦTj to denote the jth

row of Φ. For any l ≤ K, we define rank[Φ, l], the l-rank of Φ, as the length d of

the longest sequence of Φj’s such that every element is linearly l-independent of its

predecessors. Recall that Q0 =
{
Φθ : θ ∈ <K , ‖θ‖0 ≤ K0

}
, we have the following

result:

Proposition 3 If 2K0 ≤ K, then dimE[Q0] = rank[Φ, 2K0].

Proof: We use y = (x, a) to denote a state-action pair, and use Φ(y)T to denote the

row of matrix Φ associated with y. Based on our definitions of eluder dimension and

l-rank, it is sufficient to prove the following lemma:

Lemma 8 For any state-action pair y and for any set of state-action pairs Y =

65
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{
y(1), y(2), · · · , y(n)

}
, y is independent of Y with respect to Q0 if and only if Φ(y) is

linearly 2K0-independent of
{
Φ(y(1)), Φ(y(2)), · · · , Φ(y(n))

}
.

We now prove the above lemma. Note that based on the definition of independence

(see Subsection 2.5.1), y is independent of Y with respect to Q0 if and only if there

exist Q1, Q2 ∈ Q0 s.t. Q1(y
(i)) = Q2(y

(i)), ∀i = 1, 2, · · · , n, and Q1(y) 6= Q2(y). Based

on the definition of function spaceQ0, there exist two K0-sparse vectors θ(1), θ(2) ∈ <K

s.t. Q1 = Φθ(1) and Q2 = Φθ(2). Thus, y is independent of Y with respect to Q0 if

and only if there exist two K0-sparse vectors θ(1), θ(2) ∈ <K s.t.

Φ(y(i))T (θ(1) − θ(2)) = 0 ∀i = 1, 2, · · · , n

Φ(y)T (θ(1) − θ(2)) 6= 0 (A.1)

Based on the definition of K0-sparsity, the above condition is equivalent to there

exists a 2K0-sparse vector θ ∈ <K s.t.

Φ(y(i))T θ = 0 ∀i = 1, 2, · · · , n

Φ(y)T θ 6= 0 (A.2)

To see it, note that if θ(1), θ(2) are K0-sparse, then θ = θ(1) − θ(2) is 2K0-sparse. On

the other hand, if θ is 2K0-sparse, then there exist two K0-sparse vectors θ(1), θ(2) s.t.

θ = θ(1) − θ(2).

Since θ is 2K0-sparse, there exists a set of indices I s.t. |I| = 2K0 and θi = 0,

∀i /∈ I. Thus, the above condition is equivalent to

Φ(y(i))TI θI = 0 ∀i = 1, 2, · · · , n

Φ(y)TI θI 6= 0, (A.3)

which is further equivalent to Φ(y)I is linearly independent of

Φ(y(1))I , Φ(y(2))I , · · · , Φ(y(n))I .
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Since |I| = 2K0, from the definition of linear l-dependence, this is equivalent to Φ(y)

is linearly 2K0-independent of Φ(y(1)), Φ(y(2)), · · · , Φ(y(n)). q.e.d.

We now show that if Φ satisfies a weak technical condition, then rank[Φ, l] = l.

Specifically, for any l ≤ min{N,K}, we say Φ is l-full-rank if any submatrix of Φ with

size l × l has full rank. Based on this notion, we have the following result:

Proposition 4 For any l ≤ min{N,K}, if Φ is l-full-rank, then we have rank[Φ, l] =

l.

Proof: Consider any sequence of matrix rows Φ(1), Φ(2), · · · , Φ(l+1) with length l + 1,

and any index set I with |I| = l. Since Φ is l-full-rank, thus Φ
(1)
I , Φ

(2)
I , · · · , Φ

(l)
I ∈ <l

are linearly independent (hence forms a basis in <l). Thus, Φ
(l+1)
I is linearly dependent

on Φ
(1)
I , Φ

(2)
I , · · · , Φ

(l)
I ∈ <l. Since this result holds for any I with |I| = l, thus Φ(l+1) is

linearly l-dependent on Φ(1), Φ(2), · · · , Φ(l) ∈ <K . Furthermore, since this result holds

for any sequence of matrix rows with length l + 1, thus we have rank[Φ, l] ≤ l.

On the other hand, since Φ is l-full-rank, choose any sequence of matrix rows

Φ(1), Φ(2), · · · , Φ(l) with length l and any index set I with |I| = l, Φ
(1)
I , Φ

(2)
I , · · · , Φ

(l)
I

are linearly independent. Thus, Φ(1), Φ(2), · · · , Φ(l) is a sequence of matrix rows s.t.

every element is linearly l-independent of its predecessors. Thus, rank[Φ, l] ≥ l. So

we have rank[Φ, l] = l. q.e.d.

Thus, if 2K0 ≤ min{N,K} and Φ is 2K0-full-rank, then we have dimE[Q0] =

rank [Φ, 2K0] = 2K0. Consequently, we have dimE[Q] = dimE[QH0 ] = 2K0H.

A.2 Proof for Theorem 1

A.2.1 Proof for Lemma 1

Proof for Lemma 1: We prove this lemma by induction on j. First, notice that if

j = 0, then from Algorithm 3, we have Z0 = ∅. Thus, Lemma 1(a) holds for j = 0.

Second, we prove that if Lemma 1(a) holds for episode j, then Lemma 1(b) holds
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for episode j and Lemma 1(a) holds for episode j + 1. To see why Lemma 1(b) holds

for episode j, notice that we have Q∗ ∈ QCj ⊆ Q. Furthermore, from the induction

hypothesis, ∀z ∈ Zj and ∀Q ∈ QCj , we have Q(z) = Q∗(z). Since (xj,t, aj,t, t) is

dependent on Zj with respect to Q, then ∀Q ∈ QCj ⊆ Q, we have that Qt(xj,t, aj,t) =

Q∗t (xj,t, aj,t). Hence we have supQ∈QCj
Qt(xj,t, aj,t) = Q∗t (xj,t, aj,t), furthermore, from

the OCP algorithm, we have supQ∈QCj
Qt(xj,t, aj,t) ≥ supQ∈QCj

Qt(xj,t, a), ∀a ∈ A,

thus we have

Q∗t (xj,t, aj,t) = sup
Q∈QCj

Qt(xj,t, aj,t) ≥ sup
Q∈QCj

Qt(xj,t, a) ≥ Q∗t (xj, a), ∀a ∈ A, (A.4)

where the last inequality follows from the fact that Q∗ ∈ QCj . Thus, aj,t is optimal

and Q∗t (xj,t, aj,t) = V ∗t (xj,t). Thus, Lemma 1(b) holds for episode j.

We now prove Lemma 1(a) holds for episode j + 1. We prove the conclusion by

considering two different scenarios. If t∗j = NULL, then Zj+1 = Zj and QCj+1
⊆

QCj . Thus, obviously, Lemma 1(a) holds for episode j + 1. On the other hand, if

t∗j 6= NULL, we have QCj+1
⊆ QCj and Zj+1 =

[
Zj, (xj,t∗j , aj,t∗j , t

∗
j)
]
. Based on the

induction hypothesis, ∀z ∈ Zj and ∀Q ∈ QCj+1
⊆ QCj , we have Q(z) = Q∗(z). Thus,

it is sufficient to prove that

Qt∗j
(xj,t∗j , aj,t∗j ) = Q∗t∗j (xj,t∗j , aj,t∗j ), ∀Q ∈ QCj+1

. (A.5)

We prove Eqn(A.5) by considering two different cases. First, if t∗j = H − 1, it is

sufficient to prove that

QH−1(xj,H−1, aj,H−1) = RH−1(xj,H−1, aj,H−1) ∀Q ∈ QCj+1
, (A.6)

which holds by definition of QCj+1
(see Algorithm 2, and recall that no constraints

are conflicting if Q∗ ∈ Q). On the other hand, if t∗j < H − 1, it is sufficient to prove

that for any Q ∈ QCj+1
, Qt∗j

(xj,t∗j , aj,t∗j ) = Rt∗j
(xj,t∗j , aj,t∗j ) + V ∗t∗j+1(xj,t∗j+1). Recall that

Algorithm 2 adds a constraint Lj,t∗j ≤ Qt∗j
(xj,t∗j , aj,t∗j ) ≤ Uj,t∗j to QCj+1

(and again,

recall that no constraints are conflicting if Q∗ ∈ Q). Based on the definitions of Lj,t∗j
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and Uj,t∗j , it is sufficient to prove that

V ∗t∗j+1(xj,t∗j+1) = sup
Q∈QCj

sup
a∈A

Qt∗j+1(xj,t∗j+1, a) = inf
Q∈QCj

sup
a∈A

Qt∗j+1(xj,t∗j+1, a). (A.7)

We first prove that V ∗t∗j+1(xj,t∗j+1) = supQ∈QCj
supa∈AQt∗j+1(xj,t∗j+1, a). Specifically, we

have that

sup
Q∈QCj

sup
a∈A

Qt∗j+1(xj,t∗j+1, a) = sup
a∈A

sup
Q∈QCj

Qt∗j+1(xj,t∗j+1, a)

= sup
Q∈QCj

Qt∗j+1(xj,t∗j+1, aj,t∗j+1)

= V ∗t∗j+1(xj,t∗j+1), (A.8)

where the second equality follows from the fact that

aj,t∗j+1 ∈ arg max
a∈A

sup
Q∈QCj

Qt∗j+1(xj,t∗j+1, a)

and the last equality follows from the definition of t∗j and Part (b) of the lemma for

episode j (which we have just proved above, and holds by the induction hypothesis).

Specifically, since t∗j is the last period in episode j s.t. (xj,t, aj,t, t) is independent of

Zj with respect to Q. Thus, (xj,t∗j+1, aj,t∗j+1, t
∗
j + 1) is dependent on Zj with respect

to Q. From Lemma 1(b) for episode j, we have V ∗t∗j+1(xj,t∗j+1) = Qt∗j+1(xj,t∗j+1, aj,t∗j+1)

for any Q ∈ QCj . Thus,

sup
Q∈QCj

Qt∗j+1(xj,t∗j+1, aj,t∗j+1) = V ∗t∗j+1(xj,t∗j+1) = inf
Q∈QCj

Qt∗j+1(xj,t∗j+1, aj,t∗j+1).

On the other hand, we have that

inf
Q∈QCj

sup
a∈A

Qt∗j+1(xj,t∗j+1, a) ≥ sup
a∈A

inf
Q∈QCj

Qt∗j+1(xj,t∗j+1, a)

≥ inf
Q∈QCj

Qt∗j+1(xj,t∗j+1, aj,t∗j+1)

= V ∗t∗j+1(xj,t∗j+1), (A.9)
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where the first inequality follows from the max-min inequality, the second inequality

follows from the fact that aj,t∗j+1 ∈ A, and we have just proved the last equality above.

Hence we have

V ∗t∗j+1(xj,t∗j+1) = sup
Q∈QCj

sup
a∈A

Qt∗j+1(xj,t∗j+1, a)

≥ inf
Q∈QCj

sup
a∈A

Qt∗j+1(xj,t∗j+1, a)

≥ V ∗t∗j+1(xj,t∗j+1). (A.10)

Thus, Eqn(A.7) holds. Hence, Lemma 1(a) holds for episode j+ 1, and by induction,

we have proved Lemma 1. q.e.d.

A.2.2 Proof for Lemma 2

Proof for Lemma 2: Note that from Algorithm 3, if t∗j = NULL, then for all

t = 0, 1, · · · , H − 1, (xj,t, aj,t, t) is dependent on Zj with respect to Q. Thus, from

Lemma 1(b), aj,t is optimal for all t = 0, 1, · · · , H − 1. Hence we have

R(j) =
H−1∑
t=0

Rt(xj,t, aj,t) = V ∗0 (xj,0).

On the other hand, t∗j 6= NULL, then from Algorithm 3, (xj,t∗j , aj,t∗j , t
∗
j) is inde-

pendent of Zj and |Zj+1| = |Zj|+ 1. Note (xj,t∗j , aj,t∗j , t
∗
j) ∈ Zj+1, hence from Lemma

1(a), ∀Q ∈ QCj+1
, we have Qt∗j

(xj,t∗j , aj,t∗j ) = Q∗t∗j (xj,t∗j , aj,t∗j ). q.e.d.

A.2.3 Proof for Theorem 1

Proof for Theorem 1: Notice that ∀j = 0, 1, · · · , R(j) ≤ V ∗0 (xj,0) by definition.

Thus, from Lemma 2, R(j) < V ∗0 (xj,0) implies that t∗j 6= NULL. Hence, for any

j = 0, 1, · · · , we have 1
[
R(j) < V ∗0 (xj,0)

]
≤ 1

[
t∗j 6= NULL

]
. Furthermore, notice that

from the definition of Zj, we have 1
[
t∗j 6= NULL

]
= |Zj+1| − |Zj|, where | · | denotes
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the length of the given sequence. Thus for any J = 0, 1, · · · , we have

J∑
j=0

1
[
R(j) < V ∗0 (xj,0)

]
≤

J∑
j=0

1
[
t∗j 6= NULL

]
=

J∑
j=0

[|Zj+1| − |Zj|]

= |ZJ+1| − |Z0| = |ZJ+1|, (A.11)

where the last equality follows from the fact that |Z0| = |∅| = 0. Notice that by

definition (see Algorithm 3), ∀j = 0, 1, · · · , Zj is a sequence of elements in Z such

that every element is independent of its predecessors with respect to Q. Hence, from

the definition of eluder dimension, we have |Zj| ≤ dimE[Q], ∀j = 0, 1, · · · . Combining

this result with Eqn(A.11), we have

J∑
j=0

1
[
R(j) < V ∗0 (xj,0)

]
≤ |ZJ+1| ≤ dimE[Q] ∀J = 0, 1, · · · .

Finally, notice that
∑J

j=0 1 [Vj < V ∗0 (xj,0)] is a non-decreasing function of J , and is

bounded above by dimE[Q]. Thus,

lim
J→∞

J∑
j=0

1
[
R(j) < V ∗0 (xj,0)

]
=
∞∑
j=0

1
[
R(j) < V ∗0 (xj,0)

]
exists, and satisfies

∑∞
j=0 1

[
R(j) < V ∗0 (xj,0)

]
≤ dimE[Q]. Hence we have

∣∣{j : R(j) < V ∗0 (xj,0)
}∣∣ ≤ dimE[Q].

q.e.d.
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A.3 Proof for Theorem 3 and Proposition 1

A.3.1 Proof for Lemma 4

Proof for Lemma 4: We prove Lemma 4 by induction on j. Note that when j = 0,

∀(x, a, t), Q,
j,t(x, a) =∞. Thus, Lemma 4 trivially holds for j = 0.

We now prove that if Lemma 4 holds for episode j, then it also holds for episode

j + 1, for any j = 0, 1, · · · . To prove this result, it is sufficient to show that for

any (x, a, t) whose associated optimistic Q-value has been updated in episode j (i.e.

Q,
j,t(x, a) 6= Q,

j+1,t(x, a)), if the new optimistic Q-value Q,
j+1,t(x, a) is still finite, then

we have

|Q,
j+1,t(x, a)−Q∗t (x, a)| ≤ 2ρ(H − t).

Note that if Q,
j,t(x, a) 6= Q,

j+1,t(x, a), then (x, a, t) must be in the same partition

Zt,k as (xj,t, aj,t, t). Noting that

sup
Q∈QCj

sup
b∈A

Qt+1(xj,t+1, b) = sup
b∈A

Q,
j,t+1(xj,t+1, b),

from the discussion in Subsection 2.5.3, we have

Q,
j+1,t(x, a) = θ

(j+1)

t,k =

{
RH−1(xj,H−1, aj,H−1) if t = H − 1

Rt(xj,t, aj,t) + supb∈AQ
,
j,t+1(xj,t+1, b) if t < H − 1

(A.12)

We now prove |Q,
j+1,t(x, a) − Q∗t (x, a)| ≤ 2ρ(H − t) by considering two different

scenarios. First, if t = H − 1, then

Q,
j+1,t(x, a) = RH−1(xj,H−1, aj,H−1) = Q∗H−1(xj,H−1, aj,H−1).

From our discussion in Section 2.5, we have |Q∗t (x, a) − Q∗H−1(xj,H−1, aj,H−1)| ≤ 2ρ,

which implies that |Q∗t (x, a)−Q,
j+1,t(x, a)| ≤ 2ρ = 2ρ(H − t). On the other hand, if
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t < H − 1, then

Q,
j+1,t(x, a) = Rt(xj,t, aj,t) + sup

b∈A
Q,
j,t+1(xj,t+1, b).

If Q,
j+1,t(x, a) < ∞, then Q,

j,t+1(xj,t+1, b) < ∞, ∀b ∈ A. Furthermore, from the

induction hypothesis, Q,
j,t+1(xj,t+1, b) <∞, ∀b ∈ A, implies that ∀b ∈ A,∣∣∣Q,

j,t+1(xj,t+1, b)−Q∗t+1(xj,t+1, b)
∣∣∣ ≤ 2ρ(H − t− 1).

On the other hand, from the Bellman equation at (xj,t, aj,t, t), we have thatQ∗t (xj,t, aj,t) =

Rt(xj,t, aj,t) + supb∈AQ
∗
t+1(xj,t+1, b). Thus,

∣∣∣Q,
j+1,t(x, a)−Q∗t (xj,t, aj,t)

∣∣∣ =

∣∣∣∣sup
b∈A

Q,
j,t+1(xj,t+1, b)− sup

b∈A
Q∗t+1(xj,t+1, b)

∣∣∣∣
≤ sup

b∈A

∣∣∣Q,
j,t+1(xj,t+1, b)−Q∗t+1(xj,t+1, b)

∣∣∣
≤ 2ρ(H − t− 1). (A.13)

Moreover, since (x, a, t) and (xj,t, aj,t, t) are in the same partition, we have

|Q∗t (x, a)−Q∗t (xj,t, aj,t)| ≤ 2ρ,

consequently, we have
∣∣∣Q,

j+1,t(x, a)−Q∗t (x, a)
∣∣∣ ≤ 2ρ(H − t). Thus, Lemma 4 holds

for episode j + 1. By induction, we have proved Lemma 4. q.e.d.

A.3.2 Proof for Lemma 5

Proof for Lemma 5: Notice that from Algorithm 2, for all t = 0, 1, · · · , H − 1, we

have

Q,
j,t(xj,t, aj,t) ≥ Q,

j,t(xj,t, a) ∀a ∈ A.
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Thus, if Q,
j,t(xj,t, aj,t) < ∞ for any t, then Q,

j,t(xj,t, a) < ∞, ∀(a, t). Consequently,

from Lemma 4, we have that∣∣∣Q∗t (xj,t, a)−Q,
j,t(xj,t, a)

∣∣∣ ≤ 2ρ(H − t) ∀(a, t).

Thus, for any t, we have

Q∗t (xj,t, aj,t) + 2ρ(H − t) ≥ Q,
j,t(xj,t, aj,t)

≥ Q,
j,t(xj,t, a)

≥ Q∗t (xj,t, a)− 2ρ(H − t), ∀a ∈ A, (A.14)

which implies that

Q∗t (xj,t, aj,t) ≥ sup
a∈A

Q∗t (xj,t, a)− 4ρ(H − t) = V ∗t (xj,t)− 4ρ(H − t) ∀t.

We first prove that V ∗0 (xj,0)−R(j) ≤ 2ρH(H+ 1). Note that combining the above

inequality with Bellman equation, we have that

Rt(xj,t, aj,t) ≥ V ∗t (xj,t)− V ∗t+1(xj,t+1)− 4ρ(H − t) ∀t < H − 1

and RH−1(xj,H−1, aj,H−1) ≥ V ∗H−1(xj,H−1) − 4ρ. Summing up these inequalities, we

have V ∗0 (xj,0)−R(j) ≤ 2ρH(H + 1).

Second, we prove that V ∗0 (xj,0) − R(j) ≤ 6ρH if the conditions of Proposition 1

hold. Note that the conditions of Proposition 1 imply that

Uj,t ≥ Q,
j,t(xj,t, aj,t) ≥ Q/

j,t(xj,t, aj,t) ≥ Lj,t, ∀t.

Note that by definition, Uj,H−1 = Lj,H−1 = RH−1(xj,H−1, aj,H−1), and for t < H − 1,

we have Uj,t = Rt(xj,t, aj,t) +Q,
j,t+1(xj,t+1, aj,t+1), and

Lj,t ≥ Rt(xj,t, aj,t) + sup
a∈A

Q/
j,t+1(xj,t+1, a) ≥ Rt(xj,t, aj,t) +Q/

j,t+1(xj,t+1, aj,t+1),
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where the first inequality follows from the definition of Lj,t and max-min inequality,

and the second inequality follows from the fact that aj,t+1 ∈ A. Combining the above

inequalities, we have

Q/
j,0(xj,0, aj,0) ≥

H−1∑
t=0

Rt(xj,t, aj,t) = R(j)

≥ Q,
j,0(xj,0, aj,0) ≥ Q/

j,0(xj,0, aj,0). (A.15)

Thus we have Q,
j,0(xj,0, aj,0) = Q/

j,0(xj,0, aj,0) = R(j) <∞. So from Lemma 4,

∣∣R(j) −Q∗0(xj,0, aj,0)
∣∣ =

∣∣∣Q,
j,0(xj,0, aj,0)−Q∗0(xj,0, aj,0)

∣∣∣ ≤ 2ρH.

Thus, R(j) ≥ Q∗0(xj,0, aj,0)− 2ρH. Furthermore, from the above analysis,

Q∗0(xj,0, aj,0) ≥ V ∗0 (xj,0)− 4ρH.

Thus we have R(j) ≥ V ∗0 (xj,0)− 6ρH. q.e.d.

A.3.3 Proof for Lemma 6

Proof for Lemma 6: ∀j = 0, 1, · · · , if t∗j = NULL, then by definition of t∗j and

Lemma 5, we have

V ∗0 (xj,0)−R(j) ≤ 2ρH(H + 1).

On the other hand, if t∗j 6= NULL, then by definition of t∗j , Q
,
j,t∗j

(xj,t∗j , aj,t∗j ) =∞. We

now show that Q,
j′,t∗j

(xj,t∗j , aj,t∗j ) < ∞ for all j′ > j, and Q,
j′,t∗j

(xj,t∗j , aj,t∗j ) = ∞ for all

j′ ≤ j.

Assume that (xj,t∗j , aj,t∗j , t
∗
j) belongs to partition Zt∗j ,k, thus Q,

j′,t∗j
(xj,t∗j , aj,t∗j ) = θ

(j′)

t∗j ,k
,

∀j′. Based on our discussion above, θ
(j′)

t∗j ,k
is monotonically non-increasing in j′. Thus,

Q,
j′,t∗j

(xj,t∗j , aj,t∗j ) is monotonically non-increasing in j′, and hence for any j′ ≤ j, we

have Q,
j′,t∗j

(xj,t∗j , aj,t∗j ) = ∞. Furthermore, to prove that Q,
j′,t∗j

(xj,t∗j , aj,t∗j ) < ∞ for all

j′ > j, it is sufficient to prove that Q,
j+1,t∗j

(xj,t∗j , aj,t∗j ) <∞.
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From Algorithm 2, the OCP algorithm will add a new constraint

Lj,t∗j ≤ Qt∗j
(xj,t∗j , aj,t∗j ) ≤ Uj,t∗j .

We first prove that Uj,t∗j <∞. To see it, notice that if t∗j = H − 1, then

Uj,t∗j = Uj,H−1 = RH−1(xj,H−1, aj,H−1) <∞.

On the other hand, if t∗j < H − 1, then by definition

Uj,t∗j = Rt∗j
(xj,t∗j , aj,t∗j ) +Q,

j,t∗j+1(xj,t∗j+1, aj,t∗j+1).

From the definition of t∗j , Q
,
j,t∗j+1(xj,t∗j+1, aj,t∗j+1) <∞, thus Uj,t∗j <∞. Consequently,

Q,
j+1,t∗j

(xj,t∗j , aj,t∗j ) = θ
(j+1)

t∗j ,k
= min{θ(j)t∗j ,k, Uj,t∗j} ≤ Uj,t∗j <∞.

Thus, Q,
j′,t∗j

(xj,t∗j , aj,t∗j ) <∞ for all j′ > j.

Thus, if we consider Q,
j′,t∗j

(xj,t∗j , aj,t∗j ) = θ
(j′)

t∗j ,k
as a function of j′, then this function

transits from infinity to finite values in episode j. In summary, t∗j 6= NULL implies

that θ
(j′)

t∗j ,k
transits from infinity to finite values in episode j. Since other θ

(j′)

t,k ’s might

also transit from ∞ to finite values in episode j, thus 1[t∗j 6= NULL] is less than or

equal to the number of θ
(j′)

t,k ’s transiting from ∞ to finite values in episode j. Note

that from the monotonicity of θ
(j′)

t,k , for each partition, this transition can occur at

most once, and there are K partitions in total. Hence we have

∞∑
j=0

1[t∗j 6= NULL] ≤ K.

q.e.d.



A.4. PROOFS FOR LEMMA 7 AND THEOREM 4 77

A.4 Proofs for Lemma 7 and Theorem 4

A.4.1 Proof for Lemma 7

Proof for Lemma 7: Since Q̃ ∈ Q, then by definition of k∗, we have

Ex0∼π [V µk∗
0 (x0)] ≥ Ex0∼π

[
V
µQ̃
0 (x0)

]
.

Thus, it is sufficient to prove that

Ex0∼π
[
V
µQ̃
0 (x0)

]
≥ Ex0∼π [V ∗0 (x0)]− 2ρH.

In this lemma, we prove a stronger result by showing that

V
µQ̃
h (x) ≥ V ∗h (x)− 2ρ(H − h) ∀x ∈ S, ∀h = H − 1, H − 2, · · · , 0. (A.16)

We prove Eqn(A.16) by backward induction. First, for h = H − 1 and any x ∈ S,

we have that

V
µQ̃
H−1(x)

(a)
= R

(
x, µQ̃,H−1(x)

)
(b)
= Q∗H−1

(
x, µQ̃,H−1(x)

)
(c)

≥ Q̃H−1
(
x, µQ̃,H−1(x)

)
− ρ

(d)

≥ Q̃H−1
(
x, µ∗H−1(x)

)
− ρ

(e)

≥ Q∗H−1
(
x, µ∗H−1(x)

)
− 2ρ = V ∗H−1(x)− 2ρ, (A.17)

where µ∗ is an optimal policy, equality (a) and (b) follow from the assumption that

there is no reward noise, inequality (c) and (e) follow from the definition of ρ (recall

that ρ = ‖Q∗ − Q̃‖∞), and inequality (d) follows from the fact that µQ̃ is greedy to

Q̃.

Now assume that Eqn(A.16) holds for period h + 1, then we prove that it also
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holds for period h. Notice that for any x ∈ S, we have

V
µQ̃
h (x)

(a)
= R(x, µQ̃,h(x)) + Ey∼P (·|x, µQ̃,h(x))

[
V
µQ̃
h+1(y)

]
(b)

≥ R(x, µQ̃,h(x)) + Ey∼P (·|x, µQ̃,h(x))

[
V ∗h+1(y)

]
− 2ρ(H − h− 1)

(c)
= Q∗h(x, µQ̃,h(x))− 2ρ(H − h) + 2ρ

(d)

≥ Q̃h(x, µQ̃,h(x))− 2ρ(H − h) + ρ

(e)

≥ Q̃h(x, µ
∗
h(x))− 2ρ(H − h) + ρ

(f)

≥ Q∗h(x, µ
∗
h(x))− 2ρ(H − h) = V ∗h (x)− 2ρ(H − h), (A.18)

where equality (a) follows from the Bellman equation under policy µQ̃, inequality (b)

follows from the induction hypothesis, equality (c) follows form the definition of Q∗,

inequality (d) and (f) follow from the definition of ρ (i.e. ρ = ‖Q∗ − Q̃‖∞), and

inequality (e) follows from the fact that µQ̃ is greedy to Q̃.

Hence, we have proved Eqn(A.16). q.e.d.

A.4.2 Proof for Theorem 4

Before proceeding, we first define some useful notations. To distinguish lk’s and Ṽk’s

in different episodes, we use lk,i and Ṽk,lk,i to denote lk and Ṽk at the beginning of

episode i, for any k = 1, 2, · · · , K and any i ≥ K. To simplify the notations, we use

ci,l as a shorthand notation for the confidence radius and define it as

ci,l = 2RH

√
2 log(i)

l
∀i ≥ K, ∀l = 1, 2, · · · . (A.19)

We also define

∆k = Ex0∼π [V µk∗
0 (x0)]− Ex0∼π [V µk

0 (x0)] ,

which quantifies the “performance loss” of policy µk with respect to µk∗ .

For any sub-optimal policy µk with ∆k > 0, the following lemma bounds the
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expected number of times it is applied in the first j episodes.

Lemma 9 For any k s.t. ∆k > 0, and any j > K, we have

E

[
j−1∑
i=0

1 {policy µk is applied in episode i}

]
≤ 32 log(j)(RH)2

∆2
k

+ 1 +
π2

3
.

Proof: Our proof follows the analysis in [2]. Notice that for any positive integer Lk,

we have

j−1∑
i=0

1 {policy µk is applied in episode i}

(a)
= 1 +

j−1∑
i=K

1 {policy µk is applied in episode i, lk,i ≤ Lk}

+

j−1∑
i=K

1 {policy µk is applied in episode i, lk,i > Lk}

(b)

≤ 1 + Lk +

j−1∑
i=K

1
{
Ṽk,lk,i + ci,lk,i ≥ Ṽk∗,lk∗,i + ci,lk∗,i , lk,i > Lk

}
,

where equality (a) follows from the fact that policy µk is applied once in the first K

episodes, and can be decomposed into two cases in the subsequent episodes; inequality

(b) follows from the fact that

j−1∑
i=K

1 {policy µk is applied in episode i, lk,i ≤ Lk} ≤ Lk,

(see the definition of lk,i), and Ṽk,lk,i + ci,lk,i ≥ Ṽk∗,lk∗,i + ci,lk∗,i is a necessary (but not

sufficient) condition of choosing µk in episode i. Furthermore, lk,i > Lk implies that
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i ≥ K + Lk
1, hence we have

j−1∑
i=0

1 {policy µk is applied in episode i}

≤ 1 + Lk +

j−1∑
i=K+Lk

1
{
Ṽk,lk,i + ci,lk,i ≥ Ṽk∗,lk∗,i + ci,lk∗,i , lk,i > Lk

}
(c)

≤ 1 + Lk +

j−1∑
i=K+Lk

i+1−K∑
s=1

i+1−K∑
sk=Lk+1

1
{
Ṽk,sk + ci,sk ≥ Ṽk∗,s + ci,s

}
, (A.20)

where inequality (c) is the key inequality in the proof of this lemma. Specifically,

at the beginning of episode i, we have 1 ≤ lk∗,i ≤ i − (K − 1) = i + 1 − K, and

conditioning on lk,i > Lk, we also have Lk + 1 ≤ lk,i ≤ i+ 1−K. Hence we have

1
{
Ṽk,lk,i + ci,lk,i ≥ Ṽk∗,lk∗,i + ci,lk∗,i , lk,i > Lk

}
≤

i+1−K∑
s=1

i+1−K∑
sk=Lk+1

1
{
Ṽk,sk + ci,sk ≥ Ṽk∗,s + ci,s

}
.

Notice that the bound (A.20) is independent of the random variables lk,i’s. When

Ṽk,sk + ci,sk ≥ Ṽk∗,s + ci,s, at least one of the following three events must happen:

1. Ṽk,sk ≥ Ex0∼π [V µk
0 (x0)] + ci,sk ;

2. Ṽk∗,s ≤ Ex0∼π [V µk∗
0 (x0)]− ci,s;

3. Ex0∼π [V µk∗
0 (x0)] < Ex0∼π [V µk

0 (x0)] + 2ci,sk .

Notice that if none of the above three events happens, then we have

Ṽk∗,s + ci,s > Ex0∼π [V µk∗
0 (x0)] ≥ Ex0∼π [V µk

0 (x0)] + 2ci,sk > Ṽk,sk + ci,sk ,

which contradicts Ṽk,sk + ci,sk ≥ Ṽk∗,s + ci,s.

1To see it, notice that lk,i > Lk implies that policy µk has been applied at least Lk + 1 times
in episode 0, 1, · · · , i− 1, i.e. µk has been applied at least Lk times in episode K,K + 1, · · · , i− 1.
This requires (i− 1)−K + 1 = i−K ≥ Lk, i.e i ≥ K + Lk.
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Using Hoeffding’s inequality, for any i, sk and s, we have

P
[
Ṽk,sk ≥ Ex0∼π [V µk

0 (x0)] + ci,sk

]
≤ exp

(
−

2s2kc
2
i,sk

sk(2RH)2

)
= exp (−4 log(i)) = i−4

P
[
Ṽk∗,s ≤ Ex0∼π [V µk∗

0 (x0)]− ci,s
]
≤ exp

(
−

2s2c2i,s

s(2RH)2

)
= exp (−4 log(i)) = i−4

When we choose

Lk =

⌈
32 log(j)(RH)2

∆2
k

⌉
− 1, (A.21)

then for any sk ≥ Lk + 1 and any i ≤ j − 1, the third event cannot happen. To see

it, notice that log(j) > 0 (since j > K ≥ 1), and hence for any sk ≥ Lk + 1 and any

K + Lk ≤ i ≤ j − 1, we have log(i) > 0 2 and

Ex0∼π [V µk∗
0 (x0)]− {Ex0∼π [V µk

0 (x0)] + 2ci,sk} = ∆k − 2ci,sk = ∆k − 4RH

√
2 log(i)

sk

≥ ∆k − 4RH

√
2 log(i)

Lk + 1

≥ ∆k

[
1−

√
log(i)

log(j)

]
≥ 0,

where the first inequality follows from sk ≥ Lk + 1 and the last inequality follows

from log(i) < log(j). Therefore, by choosing Lk as given in Eqn(A.21), we have

E
{

1
[
Ṽk,sk + ci,sk ≥ Ṽk∗,s + ci,s

]}
≤ P

[
Ṽk,sk ≥ V µk

0 (x0) + ci,sk

]
+ P

[
Ṽk∗,s ≤ V µk∗

0 (x0)− ci,s
]
≤ 2

i4
,

for any sk ≥ Lk + 1 and any i ≤ j − 1, where the first inequality follows from the

2To see why log(i) > 0, notice that ∆k ≤ 2RH and j ≥ 2, hence we have Lk ≥ 5, thus
i ≥ K + Lk ≥ 6.
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union bound. Combining these results with Eqn(A.20), we have

E

[
j−1∑
i=0

1 {policy µk is applied in episode i}

]

≤
⌈

32 log(j)(RH)2

∆2
k

⌉
+

j−1∑
i=K+Lk

i+1−K∑
s=1

i+1−K∑
sk=Lk+1

2

i4

(e)

≤ 32 log(j)(RH)2

∆2
k

+ 1 +
∞∑
i=1

i∑
s=1

i∑
sk=1

2

i4

=
32 log(j)(RH)2

∆2
k

+ 1 +
∞∑
i=1

2

i2
=

32 log(j)(RH)2

∆2
k

+ 1 +
π2

3
,

where the inequality (e) follows from the fact K = |Q| ≥ 1. q.e.d.

To simplify the exposition, we define

Zj,k = E

[
j−1∑
i=0

1 {policy µk is applied in episode i}

]
. (A.22)

Thus, Lemma 9 provides a gap-dependent bound on Zj,k. We now prove Theorem 4.

Proof for Theorem 4: Notice that the expected cumulative regret with respect to

V µk∗
0 (x0) in the first j episodes is

j−1∑
i=0

E
[
V µk∗
0 (x0)−R(i)

]
=

j−1∑
i=0

{
Ex0∼π [V µk∗

0 (x0)]−
K∑
k=1

Ex0∼π [V µk
0 (x0)]P {µk is applied in episode i}

}

=

j−1∑
i=0

K∑
k=1

P {µk is applied in episode i}∆k

=
K∑
k=1

∆k

[
j−1∑
i=0

P {µk is applied in episode i}

]
, (A.23)
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which is
∑K

k=1∆kZj,k, based on the definition of Zj,k. From Lemma 9, for any k s.t.

∆k > 0 and any j > K, we have

∆kZj,k ≤
32 log(j)(RH)2

∆k

+

(
1 +

π2

3

)
∆k.

(A.24)

If we multiply both sides by ∆kZj,k, then we have

(∆kZj,k)
2 ≤ 32 log(j)(RH)2Zj,k +

(
1 +

π2

3

)
∆2
kZj,k

(a)

≤ 32 log(j)(RH)2Zj,k +

(
1 +

π2

3

)
(2RH)2Zj,k

= (RH)2
[
32 log(j) + (4 +

4

3
π2)

]
Zj,k

(b)

≤ 64(RH)2 log(j)Zj,k,

where the inequality (a) follows from the fact that

∆k = Ex0∼π [V µk∗
0 (x0)]− Ex0∼π [V µk

0 (x0)] ≤ 2RH;

the inequality (b) follows from the fact that j > K ≥ 1, and from algebra, for j ≥ 2,

32 log(j) ≥ 32 log(2) > (4 + 4
3
π2). Hence we have

∆kZj,k ≤ 8RH
√

log(j)Zj,k, (A.25)

for any k s.t. ∆k > 0 and any j > K. Obviously, the above inequality trivially holds
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when ∆k = 0, thus we have

j−1∑
i=0

E
[
V µk∗
0 (x0)−R(i)

]
=

K∑
k=1

∆kZj,k ≤
K∑
k=1

8RH
√

log(j)
√
Zj,k

= 8RH
√

log(j)
K∑
k=1

√
Zj,k

(c)

≤ 8RH
√

log(j)K

√√√√ K∑
k=1

Zj,k

(d)
= 8RH

√
log(j)jK, (A.26)

where inequality (c) follows from Cauchy-Schwarz inequality, and equality (d) follows

from the fact that

K∑
k=1

Zj,k = E

[
j−1∑
i=0

K∑
k=1

1 {policy µk is applied in episode i}

]
= E

[
j−1∑
i=0

1

]
= j.

Finally, we have that

Regret(j)

=

j−1∑
i=0

E
[
V ∗0 (x0)−R(i)

]
= {Ex0∼π [V ∗0 (x0)]− Ex0∼π [V µk∗

0 (x0)]} j +

j−1∑
i=0

E
[
V µk∗
0 (x0)−R(i)

]
≤ 2ρHj + 8RH

√
Kj log(j), (A.27)

where the last inequality follows from Lemma 7 and the above result. q.e.d.
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